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Abstract
We present an algorithm to “reconstruct” a smooth kdimensional manifold M embedded in an Euclidean space
Rd from a “sufficiently dense” point sample from the manifold. The algorithm outputs a simplicial manifold that is
homeomorphic and geometrically close to M. The running
time is O(n log n) where n is the number of points in the
sample (the multiplicative constant depends exponentially on
the dimension though).

1 Introduction
There are a number of applications in science and engineering that deal with data points lying on a manifold embedded1
in an Euclidean space. Data collected for scientific analysis through natural phenomena or simulations lie on such
manifolds. This has led to the problem of manifold learning
that, ideally, seeks to approximate a manifold embedded in
an Euclidean space from a point sample [6, 17, 19]. Often, in
practice, the data points are approximated with an appropriate linear flat. Principal component analysis (PCA) and the
multidimensional scaling (MDS) are two prevalent methods
used for this probelm [16, 18]. Although these are useful
techniques, they are not appropriate to approximate points
that come from a non-linear class such as smooth manifolds.
The cases for two and three dimensions where the manifold
has co-dimension one have recently been solved [1, 2, 3, 7,
10] starting with the work of Amenta, Bern and Eppstein
[2] in two dimensions and Amenta and Bern [1] in three
dimensions. Dey, Giesen, Goswami and Zhao [11] gave an
algorithm that detects the dimension of a manifold in any
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Euclidean space from its point sample. This algorithm also
can reconstruct a curve or a surface in three dimensions thus
solving the general problem in three dimensions. Giesen and
Wagner [15] gave an improved algorithm in terms of time
and space complexities. However, these algorithms cannot
reconstruct the manifolds in higher dimensions in the sense
of producing an approximation manifold that is topologically
equivalent and geometrically close to the sampled one.
In this paper we present an algorithm that solves the general manifold reconstruction problem. Specifically, given a
sufficiently dense point sample S of a smooth k-dimensional
manifold M ⊂ Rd , the algorithm can produce a triangulation T interpolating S so that M and the underlying space of
T , denoted |T |, are homeomorphic. Furthermore, the Hausdorff distance between M and |T |, and the (appropriate)
distance between their respective normal spaces are provably small. The algorithm runs in time O(n log n) (the hidden constant depends exponentially on the dimension of the
space). The algorithm builds on the cocone algorithm for
surface reconstruction by Amenta, Choi, Dey and Leekha
[3] and the sliver exudation technique to remove certain type
of flat simplices, called slivers, from a simplicial mesh by
Cheng, Dey, Edelsbrunner, Facello and Teng [8]. Intutitively, the Delaunay complex restricted to M (see definitions in next section) is a good candidate for a reconstruction. However, as M is not known, it cannot be directly
computed: the difficulty lies in that Voronoi cells dual to
(k+1)-dimensional simplices may lie near M and then make
the extraction of DelM (S) ambiguous and difficult. The idea
borrowed from [8] is that an assignment of weigths Sb to the
points, as a way of perturbation, moves any such Voronoi
b from the
cell away from M and then extracting DelM (S)
Delaunay complex becomes essentially trivial.
The algorithm is not practical, mainly because it requires a
very dense and noise-free sample, but also because it makes
use of (weighted) Delaunay triangulation in higher dimensions (but note that in the final O(n log n) time algorithm,
not all of the triangulation need to be computed). It is, however, the first such algorithm solving the general embedded
manifold reconstruction problem. In proving the correctness

polyhedral complex, denoted Vor Ŝ, that decomposes Rd .
The (d − j)-dimensional faces are the nonempty cells VTb =
T
b
b
b
s , where T ⊆ S with |T | = j (so both Vb
s and
s∈Tb Vb
b
V{bs} denote the Voronoi cell of sb). The weighted Delaunay
triangulation Del Sb of Sb is the dual to the weighted Voronoi
T HEOREM 1.1. There exist ε > 0 such that if S is a (ε, δ)b That is, a simplex τ is in Del Sb iff Vvert(τ ) 6= ∅,
diagram of S.
sampling of a compact k-manifold M ⊂ Rd with a positive
where vert(τ ) is the set of vertices of τ . Alternatively, a
local feature size, then there is a weight assignment to S such
simplex τ is in Del Sb if there is a sphere (weighted points),
that DelM Sb is a “faithful” reconstruction of M and can be
called orthosphere, orthogonal to each weighted vertex and
“efficiently” computed.
b
further than orthogonal from all other weighted points in S.
Faithful means that it has the right topology and it is a close For simplicity of notation, we write Vτ instead of Vvert(τ ) ,
geometric approximation (both in normal and distance) of when τ is known. Also for simplicity, other variations in
M. The ε obtained in the analysis is exponentially small in the notation appear later; for example Vqr is V{q,r} . The
the dimension. Efficiently means time O(n log n), but the meaning will be clear in the context. Vor S and Del S refer
hidden constant is very large.
to the unweighted Voronoi and Delaunay complexes.
Contents. Section 2 contains definitions and some prelim- Sampled Manifold. We assume that the sampled kinary facts. The basic algorithm is described in Section 3. dimensional manifold M ⊂ Rd is compact, smooth and has
Sections 4-8 develop geometric facts needed to extend the no boundary. For any point x ∈ M, Tx and Nx denote the
method of sliver exudation. Sections 10-12 develop further tangent space and the normal space at x, respectively. The
geometric facts needed to verify the correctness of the output medial axis of M is the closure of the centers of the maximal
produced by the algorithm. Section 13 describes how the al- balls that meet M only tangentially at two or more points.
gorithm is modified to achieve the running time O(n log n), These balls are called medial balls. The local feature size
and how it can be extended to other less restrictive sampling f (x) at a point x ∈ M is the distance of x to the medial axis
conditions. Because of space limitation, several proofs have of M. We require that f (x) > 0 for all x ∈ M. The local
been omitted. They can be found in an extended version of feature size is 1-Lipschitz, that is, f (x) ≤ f (y) + kx − yk
this paper.
for any two points x, y in M.

of the algorithm, we extend several ideas in sliver exudation
and surface reconstruction to higher dimensions, which are
interesting on their own. The main theorem to be proved is
(precise definitions follow later):

2 Definitions and Preliminaries
Weighted points. A weighted point pb ∈ Rd × R+ is a dball with the center p ∈ Rd and weight (radius) P ∈ R+ ;
we write pb = (p, P ). Unweighted points correspond to
points with zero radius. The weighted distance of x
b from
pb is πpb(b
x) = kx − pk2 − X 2 − P 2 . If πpb(b
x) = 0, we say that
pb and x
b are orthogonal. If πpb(b
x) is greater (smaller) than
0, we say that x
b is further (closer) than orthogonal from pb.
The bisector plane of pb and qb is the locus of (unweighted)
points x at equal weighted distances from pb and qb, that is,
πpb(x) = πqb(x). Equivalently, x is in the bisector if there is a
weight X such that x
b = (x, X) is orthogonal to pb and qb. We
use Sb to denote the set of points S with certain assignment
of weights. We say that Sb has weight property [ω] if for each
point p ∈ S, P ≤ ω · N (p), where N (p) is the distance to
the closest point in S different from p.
Weighted Voronoi and Delaunay. We assume points in
b the
general position. For a set of weighted points S,
b
weighted Voronoi cell Vbs of sb ∈ S is Vbs = {x ∈
b The weighted Voronoi
Rd | πbs (x) ≤ πrb(x) for all rb ∈ S}.
cells and their k-dimensional faces, 0 ≤ k ≤ d form a

(ε,δ)-Sampling. A set S of points on M is a (ε, δ)sampling [11] if (i) for each point x ∈ M, there is a sample
p ∈ S such that kp − xk ≤ εf (x), and (ii) for any p, q ∈ S,
kp−qk ≥ δf (p). We assume that ε and δ is within a constant
factor. That is, ε/δ is a constant. An alternative condition is
(ε, `)-sampling in which we have (ii’) for any p ∈ S, the
number of q with kp − qk ≤ εf (p) is at most `, instead of
(ii). This allows for some but limited locally dense sampling.

Restricted Voronoi and Delaunay. The restricted
(weighted) Voronoi cell VM,p is given by VM,p = Vp ∩ M.
A simplex τ with the vertex set R is in the restricted
(weighted) Delaunay triangulation DelM Sb if the restricted
Voronoi cells of the vertices in R have a non-empty intersection. An important fact [12] that we use later is that if each
restricted Voronoi cell is topologically a ball, then DelM Sb
is homeomorphic to M.

Cocone. If the sampling is dense, then for a sample point
p, its neighbors in the sample relevant for creating a reconstruction can be found near Tp . More precisely, within a cone
of aperture θ0 around Tp where θ0 = O(ε). This can also be
viewed as the complement of a cone – cocone – around Np

(and we follow [11] in refering to it as cocone). Algorithmically, the cocone is determined as follows [11]. First, a way
to estimate Tp is needed. The Voronoi subpolytopes for a
sample point p ∈ M are special subsets Vpi ⊆ Vp , i = 1, .., d
of the Voronoi cell Vp , defined inductively as follows. For
the base case let Vpd = Vp . Inductively, assume that Vpi is
already defined. Let vpi be the farthest point in Vpi from p.
We call vpi the pole of Vpi and the vector vpi = vpi − p its
pole vector. If Vpi is unbounded, vpi is taken at infinity, and
the direction of vpi is taken as the average of all directions
given by unbounded edges. The Voronoi subpolytope Vpi−1
is the intersection of Vpi and the hyperplane (x − p) · vpi = 0.
It is shown in [11] that aff(Vpk ) approximates Tp within an
angle O(ε). This carries over for a weighted Voronoi diagram given the weight property. (In the definitions here,
Vp stands for the Voronoi cell of the weighted point p.) If
k is not known in advance, then it can actually be determined through this construction, for appropriately uniform
sampling [11]. Let p ∈ S be a sample point from M where
M has dimension k. The cocone of p, Cp , is defined as the
set of all points x ∈ Vp so that the segment connecting x and
π
p makes an acute angle less than 32
with Vpk .A simplex τ in
Del S is a Cp -simplex, if Vτ intersects Cp . In particular, if τ
is an edge pq, we call pq a Cp -edge and q a cocone neighbor
of p.
Simplex Shape. The circumsphere of a simplex τ is the
smallest circumsphere of its vertices; its circumcenter and
its circumradius, denoted Rτ , are the center (which lies in
aff(τ )) and circumradius of the circumsphere. The length
of the shortest edge of τ is denoted Lτ , The circumradiusedge ratio Rτ /Lτ is a measure of the quality of τ . Still, a
simplex τ with O(1) circumradius-edge ratio may be “very
flat”. This is captured by the concept of sliver simplices. For
a (j − 1)-simplex τ 0 and a point p not in aff(τ 0 ), the join
p ∗ τ 0 of p and τ 0 is the convex hull of p and τ 0 , a j-simplex.
For a j-simplex τ and a vertex p of τ , let τp be the (j − 1)dimensional boundary simplex of τ such that τ = p ∗ τp .
The property of being sliver is quantified with a constant σ,
to be chosen later. We define slivers by induction on the
dimension: 0- and 1-simplices are not slivers; for j ≥ 2, a
j-simplex τ is a j-sliver if none of its boundary simplices is
a sliver and for some vertex p of τ , vol(τ ) < σLτ vol(τp )
holds. Thus, if neither τ nor any of its boundary simplices is
a sliver, then vol(τ ) ≥ σLτ vol(τp ) for every vertex p of τ .

the following result due to Giesen and Wagner [15].
L EMMA 1.
(i) The distance between p ∈ S and its nearest neighbor in
2ε
S − {p} is at most 1−ε
f (p).
(ii) For any points p, q ∈ M such that kp − qk = tf (p) for
some 0 < t < 1, sin ∠(pq, Tp ) ≤ t/2.
(iii) Let p be a point in M. Let q be a point in Tp such that
kp − qk ≤ tf (p) for some 0 < t ≤ 1/4. Let q 0 be the
point on M closest to q. Then kq − q 0 k ≤ 2t2 f (p).

3 Algorithm
In this section, we present the basic reconstruction algorithm.
Section 13 describes how to modify it to achieve running
time O(n log n). The input is an (ε, δ)-sampling from the
manifold M with ε sufficiently small (to be determined in
the analysis). The algorithm proceeds as follows:
1. Construct Vor S and Del S.
2. Determine the dimension k of M.
3. “Pump up” the sample point weights to remove all jslivers, j = 3, . . . , k + 1, from all point cocones.
4. Extract all cocone simplices as the resulting output.
Step 1 uses any standard algorithm, step 2 uses the algorithm in [11], and step 4 is essentially trivial (simply select
the cocone simplices according to the definition). We elaborate now on step 3. This follows [8]. The algorithm iteratively assigns real weights to the sample points in an arbitrary order. Let p be the sample point being processed. As in
sliver exudation [8], using the σ predicted by the theoretical
result in section 8 would be extremely pessimistic. Instead,
for each j-dimensional Cp -simplex τ , 3 ≤ j ≤ k + 1, we
compute the interval W (τ ) of weight for which τ appears in
the triangulation and the sliver measure
σ(τ ) = min
q

vol(τ )
,
Lτ vol(τq )

where the min is over all vertices of τ , We include all Cp simplices in the weighted Delaunay triangulations generated
by varying the weight of p and keeping all other weights
fixed. The weight (radius) of p is varied within the range
(ε, δ)-Sampling Properties. We henceforth assume that [0, ωN (p)]. As the weight is increased from zero, all simM is a smooth manifold with nonzero local feature size and plices in the weighted Delaunay triangulations incident to p
that S is an (ε, δ)-sample of M. Given a line segment pq, are generated by repeated flip operations. For each simplex τ
∠(pq, Tp ) denotes the angle between pq and Tp . We will use currently incident to p, we keep it in a priority queue indexed

by the weight of p at which τ will be destroyed for the first
time. Thus the minimum weight in the priority queue tells
us the next event time. It is easy to extract the Cp -simplices
from the entire set of simplices incident to p.
After we generate all Cp -simplices in all the weighted
Delaunay triangulations, each τ can be represented by a
rectangle W (τ ) × [σ(τ ), +∞), where W (τ ) is the weight
interval fo τ . That is, if the weight of p is set to a value within
W (τ ), τ may appear and the quality of simplices incident
to p is at best σ(τ ). We take the union of the rectangles
corresponding to all Cp -simplices. This produces a skyline
and the highest point in the skyline yields the best weight to
be assigned to p. As in sliver exudation, there is an apparent
ξ

ω ( p)
0

1/3

Figure 1: The skyline (borrowed from [8]).

ifold M. The first part is verified in section 9. It depends
on the success of the sliver removal step to eliminate cocone
j-slivers for j ≤ k + 1, which is verified in section 8. More
precisely, it is shown that (i) for σ sufficiently small, there is
a weight assignment to the sample points so that no cocone
j-simplex, j ≤ k+1, is a sliver, and that (ii) for ε sufficiently
small, any cocone (k + 1)-simplex must be a sliver.
For the homeomorphism, we show that each restricted
Voronoi cell is a topological ball [12]. The argument
proceeds in three steps: (i) The normal spaces of points close
on M are close (section 10); (ii) for any j-simplex τ , j ≤ k,
if its circumradius is O(εf (p)) and neither τ nor its boundary
simplices is a sliver, the normal space of τ is close to the
normal space of M at any vertex of τ ; (iii) each cell in
VorM Ŝ is a topological ball (section 12). Result (ii) also
shows that the output approximates M well in normal. With
small extra effort, the distance approximation also follows.

4 Voronoi Cell Width
In this section, for each sample p ∈ S, we bound the width
of Cp ∩ Vp . We first need a technical result.

L EMMA 2. Let y be a point inside Cp such that kp − yk =
cεf (p) for some constant c with cε ≤ 1/5. Let q be the
difficulty of readmitting some j-dimensional Cp -simplex τ
orthogonal projection of y onto Tp . Let q 0 be the point on M
eliminated earlier when we process a different sample point
closest to q. Then
q later. Note that σ(τ ) is a symmetric measure, regardless
whether we view τ as a Cp - or Cq -simplex. The theoretical
(i) kq − q 0 k ≤ c2 ε2 f (p)/2.
result guarantees that there is a σ such that the weight we
assign to q makes σ(τ ) ≥ σ. Thus this readmitted Cp - (ii) kq − yk ≤ cεf (p)/10 and kq 0 − yk ≤ cεf (p)/4.
simplex τ cannot be worse than what the theoretical result
(iii) kp − q 0 k ≥ cεf (p)/4.
guarantees for p. In all there is no harm done.

If ε is sufficiently small, at the end of the pumping step,
there are no j-slivers, j ≤ k + 1, in the cocones, and the last
step proceeds without problem.

Running Time. Let n be the number of sample points. The
time is dominated by the construction of the Voronoi diagram, which has worst-case running time O(ndd/2e ).2 The
following sections show that under the sampling condition,
the number of Cp -simplices incident to a sample p in all
weighted Delaunay triangulations is O(1), and so the running time is dominated by the first step. In the last section,
we discuss how to improve the running time.

L EMMA 3. Assume that Sb has weight property [ω]. For each
point x ∈ Cp ∩ Vp , kp − xk ≤ c1 εf (p) for c1 = 160 and
ε ≤ 1/5c1 .

5 Cocone Neighbors

There are many possible weight assignments to S that has the
weight property [ω]. Each such weight assignment produces
a possibly different set of cocone neighbors for p. We
define Gp to be the set of Cp -edges that arise in all weight
assignment with weight property [ω]. In this section, we
study
the lengths of edges in Gp , the cardinality of Gp , and
Correctness. We claim that the algorithm actually outputs
the
angle
between any edge in Gp and Tp .
DelM Ŝ and that this is homeomorphic to the original man2 Actually,

for an (ε, δ)-sampling, the worst-case size of its Delaunay
triangulation may not be as large as Ω(ndd/2e ) as in the general case. This
is known for dimension 3 [5].

L EMMA 4. Assume that Sb has weight property [ω]. For
any edge √
pq ∈ Gp , kp − qk ≤ c2 εf (p) where c2 =
c1 (1 + 1/ 1 − 4ω 2 ) is a constant.

L EMMA 5. Assume that Sb has weight property [ω]. Let pq
and pr be edges in Gp . Then

the weight (radius) interval for p such that τ remains a Cp simplex. We first prove two technical results.

(i) kp − qk ≤ ν · kp − rk where ν = c2 (ε/δ) is a constant.

L EMMA 8. Assume that Sb has weight property [ω]. Let
τ = p ∗ τp be a Cp -simplex. The distance between the
orthocenter of τ and aff(τp ) is at most c3 εf (p) for the
constant c3 = c1 + c2 (1 + ω + ρν).

(ii) ∠(pq, Tp ) ≤ arcsin(c2 ε/2) ≤ c2 ε.
L EMMA 6. For ε > 0 sufficiently small, there are at most λ
edges in Gp , where λ = (2ν 2 + 1)d is a constant.

For a simplex τ and a vertex q of τ , let Dq be the distance
Proof. Let pr be any edge in Gp . Let u be the nearest from q to aff(τq ) (recall τ = q ∗ τq ).
neighbor of r. We first show that ru is an edge in Gr . It
L EMMA 9. Assume that Sb has weight property [ω]. Let
suffices to show that ru is a Cr -edge with respect to the
τ be a j-dimensional Cp -simplex. If τ is a sliver, then
unweighted Delaunay triangulation of S. Observe that r
Dq < jσLτ , for some vertex q of τ . If neither τ nor its
and u define a non-empty Voronoi facet Vru . Observe that
boundary simplices are slivers, then Dq ≥ jσLτ for each
the edge ru stabs Vru (let x be the midpoint of ru and
vertex q.
suppose that q is closer to x than r and u, then kr − qk ≤
kr − xk + kx − qk < kr − xk + kr − xk < kr − uk, We are ready to bound the weight interval.
which is a contradiction). By Lemma 4 and Lemma 1(ii), L EMMA 10. Let τ be a j-dimensional C -simplex. If τ is
p
∠(ru, Tr ) ≤ arcsin(c2 ε/2). Thus, when ε is sufficiently a sliver, τ remains a Cp -simplex in an interval of squared
small, ru lies inside Cr . It follows that Vru intersects Cr weight that has length at most 4c2 c3 jσε2 f (p)2 .
and so ru is a Cr -edge.
Let p be a vertex of τ such that Dp < jσLτ . Let
We are ready to bound |Gp |. Without loss of generality, Proof.
2
ξ(P
)
be
the signed distance of the orthocenter z of τ from
assume that the shortest edge in Gp has unit length. Since
2
2
kp − rk ≥ 1, Lemma 5(i) implies that kr − uk ≥ 1/ν. aff(τp ) when p has squared weight P (see figure). ξ(P )
of τ and p lie on the same side
Thus if we place a ball Br with center r and radius 1/(2ν) is positive if the orthocenter
2
of
aff(τ
);
otherwise
ξ(P
)
is
negative. It has been proved
p
for every edge pr in Gp , these balls are disjoint. Note that
1 d
vol(Br ) = Kd ( 2ν
) , where Kd is the volume of the unit
d-ball. All such Br ’s lie inside a bigger ball B with center
p and radius L + 1/(2ν), where L is the length of the
z
longest edge in Gp . By Lemma 5(i), L ≤ ν. Therefore,
2
ζ
vol(B) ≤ Kd ( 2ν2ν+1 )d = (2ν 2 + 1)d vol(Br ). Hence there
are at most (2ν 2 + 1)d edges in Gp .

6 Orthoradius-Edge Ratio

Figure 2: The orthosphere of three weighted points on the
plane shown and a fourth one off but close to the plane. The
distance of the orthocenter z to the plane is very sensitive to
change in the weight of the fourth point (borrowed from [8]).

In this section, we bound the orthoradius-edge ratio of Cp simplices. The orthoradius-edge ratio of a simplex τ is
Rτ0 /Lτ , where Rτ0 is the radius of the smallest orthosphere
of τ (its center lies in aff(τ )), and Lτ is the shortest edge
length of τ . Note that the smallest orthosphere of τ is in [8] that
P2
not necessarily further than orthogonal from other weighted
.
ξ(P 2 ) = ξ(0) −
2Dp
b Also note that the circumradius-edge and
vertices in S.
By Lemma 8, for τ to be a Cp -simplex, |ξ(P 2 )| ≤ c3 εf (p).
orthoradius-edge ratios may be quite different.
Substituting into the above, we get
L EMMA 7. Assume that Sb has weight property [ω]. For any
2Dp (ξ(0) − c3 εf (p)) ≤ P 2 ≤ 2Dp (ξ(0) + c3 εf (p)).
Cp -simplex τ , Rτ0 ≤ ρLτ , where ρ = 5ν(ε/δ) is a constant.

7 Weight Interval
When we pump a vertex p of a sliver τ , τ may remain a Cp simplex for a while. In this section, we bound the length of

This implies that the length of the squared weight interval is
at most 4c3 εDp f (p). Using Lemma 9 and Lemma 4, we get
4c3 εDp f (p) ≤ 4c3 jσεLτ f (p) ≤ 4c2 c3 jσε2 f (p)2 .

8 Pumping Slivers

by induction assumption. Observe that sin ∠aqx = ka −
Our strategy is to pump slivers in increasing order of their qk/(2R). Using the previous inequality and Lemma 5(i), we
dimensions. That is, we first pump all 3-slivers, then 4- get
√
2γj−1 Lτp
γj−1 νLτ
slivers, and so on. Therefore, when we consider a j-simplex
sin ∠aqx ≤
.
≤ √
2R
2R
τ , all the boundary simplices of τ are guaranteed not to be
slivers. This will allow us to invoke Lemma 10.
The volume of τ is at most 1j · vol(τp ) · ka − qk · sin ∠aqx.
Consider a sample p. By Lemma 6 and Lemma 10, Let L be the maximum edge length of τ . Using the previous
jλj · 4c2 c3 σε2 f (p)2 is an upper bound on the total length inequalities for ka − qk and sin ∠aqx, we obtain
of the squared weight intervals for the j-slivers to remain
2
γj−1
ν 2 L2τ
vol(τp ) √
γj−1 νLτ
Cp -simplices. Summing over the range [3, k + 1] for j, we vol(τ ) ≤
· 2γj−1 L · √
≤ vol(τp )
.
j
R
2R
obtain an upper bound of
Since τ is not a sliver, vol(τ ) ≥ σLτ vol(τp ). Substituting
(k + 1)λk+2 · 4c2 c3 σε2 f (p)2 .
2
above, we get R/Lτ ≤ γj−1
(ν 2 /σ). Thus R/Lτ ≤ γj
2
2
By the (ε, δ)-sampling, the maximum weight of p is at least where γj = γj−1 (ν /σ).
ω 2 δ 2 f (p)2 . Therefore, if we choose σ such that
 2
L EMMA 12. Let τ be a j-dimensional Cp -simplex. Let x be
δ
ω2
1
·
·
,
σ<
k+2
a point in τ . If τ and its boundary simplices are not slivers,
(k + 1)λ
4c2 c3
ε
then ∠(px, Tp ) ≤ 4c2 γj ε.
then we can assign a weight to p such that no Cp -simplex is
a sliver. (Recall that δ/ε is a constant.) If k is not known, we Proof. Take a d-dimensional medial sphere that touch M
can replace k by d and the resulting choice of σ is guaranteed at p. Shrink this sphere towards p until its radius becomes
to work, albeit even more pessimistic.
f (p). Denote the resulting sphere by M1 . Let M2 be
The following lemmas show that, if ε is sufficiently small, another sphere with radius f (p) such that M2 touches p
provided its boundary simplices are not slivers, a (k + 1)- at M and p is the midpoint of the centers of M1 and M2 .
dimensional Cp -simplex is a sliver. Hence after pumping, no The smallest circumsphere of τ intersects M1 and M2 at
Cp -simplex has dimension k + 1 or higher. We first bound two hyperspheres C1 and C2 , respectively. By Lemma 4
the circumradius-edge ratio of a non-sliver.
and Lemma 11, the circumradius of τ is at most c2 γj εf (p).
L EMMA 11. Let τ be a j-dimensional Cp -simplex. If τ and Thus the angle between the normal of the support hyperits boundary simplices are not slivers, its circumradius-edge planes of C1 and the vector from p to the center of M1 is
j
at most arcsin(c2 γj ε). The same holds for the normal of
ratio is bounded by the constant γj = (ν 2 /σ)2 −1 .
the support hyperplane of C2 . It follows that the support
Proof. We prove by induction on j. For j = 1, τ is an hyperplanes of C and C make a wedge of angle at most
1
2
edge. We define the circumradius of an edge to be half of 2 arcsin(c γ ε). Since the vertices of τ lie outside M and
2 j
1
its length. Then the circumradius-edge ratio is 1/2 which is M , they lie within this wedge. This implies that px lie
2
less than γ1 = ν 2 /σ. Assume that j > 1. Let z be the within the wedge too. Since T cuts through the wedge,
p
circumcenter and p a vertex of τ . Recall that τ = p ∗ τp . ∠(px, T ) ≤ 2 arcsin(c γ ε), which is at most 4c γ ε for
p
2 j
2 j
There are two cases to consider. Let R be the circumradius sufficiently small ε.
of τ .
Case 1: z ∈ int(τ ). Let H be a (j − 1)-flat in aff(τ ) that
passes through z and is orthogonal to pz. Since z ∈ int(τ ), L EMMA 13. Let k = dim(M). Assume that k ≥ 2,
H separates a vertex q of τ from p. It follows that ∠pzq > ε < (k + 1)σ/(1 + 4γk )ν, and Sb has weight property [ω].
π/2 and kp − qk ≥ R. Thus R/Lτ ≤ kp − qk/Lτ ≤ ν, by Let τ be a (k + 1)-dimensional Cp -simplex. If the boundary
simplices of τ are not slivers, τ is a sliver.
Lemma 5(i), which is less than γj .
Case 2: z 6∈ int(τ ).
Let az be the radius of the
Proof. Let τ be a (k + 1)-dimensional Cp -simplex. Recall
circumsphere of τ such that az is orthogonal to aff(τp ). Let
that
k + dim(Np ) is equal to the dimension of the underlying
x be the point az ∩ aff(τp ). Let q be a vertex of τp . Let R0
space. Thus, there is some unit normal ~n ∈ Np such that
be the circumradius of τp . Since z 6∈ int(τ ), we have
p + ~n ∈ aff(τ ). Without loss of generality, we treat ~n as the
√
√
ka − qk ≤ 2 R0 ≤ 2γj−1 Lτp
vertical axis of aff(τ ).

For each vertex r of τ other than p, let τ = r ∗ τr , as usual,
and let r0 be the projection along ~n of r onto aff(τr ). We
claim that there is a vertex q 6= p of τ such that the support
line of pq 0 intersects τq at a point other than p. There are two
cases.
Case 1: there is a vertical k-flat H in aff(τ ) through p and
containing ~n such that at least three other vertices of τ lie
on one side H + of H. Rotating H around ~n brings it into
contact with two vertices a and b of τ in H + . Let q be
any vertex of τ in H + other than a and b. The orthogonal
projection of pq onto the plane of abp intersects abp at a
point other than p. It follows that pq 0 intersects τq at a point
other than p.
Case 2: the k-flat in case 1 does not exist. Let H be any kflat in aff(τ ) through p and containing ~n. Since k ≥ 2, there
must be exactly two vertices of τ on one side H + of H. Let
these two vertices be denoted by a and b. Let H − denote
the side opposite to H + . If we extend ap and bp into H − ,
we obtain a 2-d cone C in the plane of abp in H − . For any
vertex q of τ in H − , the projection of pq onto the plane of
abp must lie inside the 2-d cone C; otherwise, there would be
a k-flat that have a, b, and q on the same side, contradicting
the assumption that case 1 does not apply. Thus, the support
line of the projection of pq onto the plane of abp intersects
abp at a point other than p. It follows that the support line of
pq 0 intersects τq at a point other than p.
This completes the proof of our claim. Now, let x 6= p
be a point in the intersection of the support line of pq 0 and
τq . By Lemma 12, applied to τq , ∠(pq 0 , Tp ) ≤ 4c2 γk ε.
By Lemma 4 and Lemma 1(ii), ∠(pq, Tp ) ≤ arcsin(c2 ε/2),
which is at most c2 ε for sufficiently small ε. As qq 0 is parallel
to ~n, we conclude that ∠qpq 0 ≤ ∠(pq, Tp ) + ∠(pq 0 , Tp ) ≤
c2 (1 + 4γk )ε.
The height of q from aff(τq ) is at most kp−qk·sin ∠qpq 0 ≤
kp − qk · sin(c2 (1 + 4γk )ε) ≤ c2 (1 + 4γk )εL, where L is
the maximum edge length of τ . Thus

algorithm. Recall that X is the set of cocone simplices.
L EMMA 14. X is DelM (Ŝ).
Proof. The assignment of weights of our algorithm ensures
that no Voronoi cell of dimension less than d − k intersects
the cocone of a point p in S. So certainly, no Delaunay
simplex of dimension larger than k is in X. Also certainly,
any simplex τ in DelM (Ŝ) is in X because by definition its
dual Voronoi cell Vτ intersects M and hence Vτ intersects
the cocone of the vertices of τ . It remains to see that there is
no Voronoi cell Vτ that intersects the cocone Cp of a vertex
p of its dual simplex τ , but it does not intersect M. For
the sake of contradiction, let Vτ be such a Voronoi cell of
smallest dimensionality and let x be a point of Vτ inside
Cp . Also, let T be the intersection of Tp with aff(Vτ ).
Inside aff(Vτ ), let N be the orthogonal complement of T
through x. N must intersect M inside Cp . Since Vτ does
not intersect M then N should intersect inside Cp a smaller
dimensional Voronoi cell that bounds Vτ and which also
does not intersect M. This is a contradiction.
Section 11 shows that DelM (Ŝ) approximates M well in
normal, and section 12 shows that DelM (Ŝ) is homeomorphic to M.

10 Normal Variation
The proof of the following lemma extends that of a 3-d
version that appears in [1].
L EMMA 15. Let p, q ∈ M such that kp−qk ≤ cεf (p), then
∠Np Nq ≤ c4 cε for some constant c4 .

Proof. Consider the line segment pq joining p and q and let
p(t) be a linear parametrization of pq in the interval [0, 1].
For t ∈ [0, 1], let g(t) be the closest point to p(t) in M.
Since pq is away from the medial axis, g(t) is well-defined
(there is a unique closest point) and also one-to-one (if x
c2 (1 + 4γk )εL
is closest for p0 and p00 in pq then both p0 x and p00 x are
vol(τq ).
vol(τ ) ≤
k+1
normal to M at x and hence pq is in the normal space of
By Lemma 5(i), L ≤ νLτ . Thus, if
M at x; therefore the diametral sphere of px is tangent to
M
at x, and so kp − xk ≥ 2f (x), which is in contradiction
(k + 1)σ
ε<
,
with
kp − qk ≤ cεf (p) for c and ε sufficiently small).
(1 + 4γk )ν
The function g(t) is indeed smooth. Let γ be the curve in
then τ is a sliver.
M described by g(t), and let dt and ds be the lengths of
corresponding infinitesimal segments on pq and γ, that is,
ds = kg(t + dt) − g(t)k. We claim that ds ≤ 4dt. To see
9 Algorithm Output
this, first consider the medial ball B tangent to M at g(t) and
We show that our algorithm actually outputs DelM (Ŝ). Let with center on the ray from g(t) towards p(t). The radius of
X be the set of all simplices output by our reconstruction B is greater than f (g(t)) and so greater than c0 f (p) for some

constant c0 (by Lipschitz property of f ), and also the ball B 0
centered at p(t + dt) and passing through g(t). Note that
g(t + dt) must lie in the portion of B 0 outside B (since B is
a medial ball and hence its interior is disjoint from M, and
since g(t + dt) cannot be further from p(t + dt) than g(t)).
This portion lies within distance 4dt sin θ from g(t) where
θ is the angle between pq and p(t)g(t): Consider the figure,
which shows the 2-flat spanned by pq and p(t)g(t), where
p0 = p(t), p00 = p(t + dt), dt = kp0 − p00 k, q 0 = g(t), z is
the center and R the radius of B, q 00 is the projection of q 0 on
the line that contains zp00 , d = kp0 − q 0 k and h = kq 0 − q 00 k.
An elementary calculation shows that

11 Normal Approximation
The conditions on the simplex τ in the following lemma hold
for the simplices computed by our algorithm. The lemma
implies that the reconstruction produced approximates M
well in the sense of normal approximation. This result is
also useful in proving that the restricted Voronoi cells are
topological balls. In the following proof, the term cocone
refers to the complement of a (usual) double cone around an
specified direction; its aperture is π/2 minus the aperture of
the cone. For a simplex τ , a vector ~nτ is normal to τ if it is
orthogonal to aff(τ ).

L EMMA 16. Suppose τ is a j-simplex for j ≤ k, with
vertices on M, circumradius O(εf (p)), where p is one of its
vertices, and such that neither τ nor its boundary simplices
which is smaller than 2dt sin θ for ε sufficiently small so that is a sliver. Then for any normal ~np of M at p, τ has a normal
d ≤ R/2. Finally, g(t + dt) lies within distance 2h from ~nτ such that ∠~np~nτ is at most kj ε, for some constant kj .
q = g(t), that is, within distance 4dt sin θ. This is at most
Proof. The proof is by induction on j. For j = 0, the claim
4dt.
is
trivial. For j ≥ 1, let τ = q ∗ τq as usual and let Dq be
q’
the distance from q to aff(τq ). Because τ is not a sliver,
d h
Dq ≥ jσLτ ≥ dj εf (p) with dj a constant that depends on
q’’
p
p’ θ
q
dt p’’
j and the dimension d. By induction, τq has a normal ~nτq
R
such that ∠~np~nτ 0 is at most kj−1 ε. Let q 0 be the point in
B’
aff(τq ) closest to q, let h be the (d − 1)-flat (hyperplane)
B
containing τq and normal to ~nτq , and let γ be the (d − 2)-flat
z
in h orthogonal to qq 0 . Consider now rotating h around
0
Figure 3: The point on M closest to p00 = p(t + dt) must γ until a hyperplane h that contains q is obtained; note
be closer than the closest point q 0 = g(t) to p0 = p(t) and that its normal is also a normal of τ , and so we denote it
0
outside of the medial ball B of M at q 0 with center on the with ~nτ . We claim that ∠~nτq ~nτ is at most (c /dj )kj−1 ε
0
for some constant c . This will imply that ∠~n~nτ is at most
ray from q 0 towards p0 .
kj−1 ε + (c0 /dj )kj−1 ε and so at most kj ε where kj is a solution to the recurrence kj = kj−1 (1 + c0 /dj ). To complete
Now, for a unit normal ~n ∈ Np , let ~n(t) be the unit normal the proof, we verify the claim as follows. q is in a cocone
in Ng(t) that forms a smallest angle with ~n. Thus, ~n(t) is Cq around ~nτq of aperture 2kj−1 ε: it is in a cocone around
the normalized projection of ~n on Ng(t) and ~n(0) = ~n. We ~np of aperture cε by the dense sampling, and since we are
claim that ∠~n(t)~n(t + dt) is bounded by (4/c0 f (p))ds. changing the reference to ~nτq , then we need to increase the
To verify this, consider the set of balls B~n0 , with radius aperture by kj−1 ε (we set c0 = c so that c ≤ kj−1 ). We
R = f (g(t)) and tangent to M at g(t) in the direction ~n0 , want to see that q is also in a wedge ω around γ, obtained
where ~n0 is a normal direction at g(t). Because of the balls by pivoting h around γ, with an angle α that is at most
B~n0 , the rate of change of the normal to M in any direction (c/dj )kj−1 ε. An elementary geometric computation shows
with respect to ds = kg(t + dt) − g(t)k is bounded by 1/R. that if q is in the cocone Cp with aperture ϕ and at distance
So ∠~n(t)~n(t + dt) ≤ ds/R. Since R = f (g(t)) is at least R from p, and Dq from γ, then it is inside the wedge ω
c0 f (p), then ∠~n(t)~n(t + dt) is upper bounded by ds/c0 f (p), of angle α, if sin α ≤ (R/Dq ) sin ϕ (see figure). Since
which is at most 4dt/c0 f (p) by the argument above. Adding R = kp − qk ≤ c2 εf (p), Dq ≥ dj εf (p), and ϕ ≤ 2kj−1 ε,
this bound over [0, 1], we obtain that ∠~n(0)~n(1) is at most then for sin α ≤ (c2 /dj ) sin(2kj−1 ε), q is in the wedge ω
4k|p − qk/c0 f (p), which is at most c4 cε for some constant around γ. This means that ∠~nτ ~nτq ≤ (c0 /dj )kj−1 ε, for
some constant c0 , as we had claimed.
c4 .
h≤

R
· dt sin θ
R−d

q
R
p
D
α

ϕ
h

q’

bump

γ

Figure 4: q is exactly on the boundary of a cocone of p
around ~nτq (the vertical) with aperture ϕ and a wedge around
γ of aperture α.

E
∆
bump detail

Using this lemma, we choose ε sufficiently small so that
each simplex in DelM Ŝ has a normal within say π/32 of a
normal of either of its vertices. We call this good normal
approximation for the simplices.

Figure 5: A small bump is introduced in the cube manifold,
detailed on the right. The effect of the bump on the local
feature size at any point is negligible (even at points on the
bump). For any ε > 0, E can be chosen sufficiently small
Remark. Removing slivers is an essential part of our recon- and ∆ even smaller, so that for the corresponding manifold
struction algorithm and its proof of correctness. In a way, this is with bump, there is an ε-sampling in which p is the only
actually needed if we want to guarantee good normal approximation sample point in a large neighborhood of the bump.
for the simplices. The normal of a sliver can be arbitrarily wrong
even if its circumradius is O(εf (p)) and the circumradius-edge ratio is bounded. Consider a cube in R4 with side length d and smooth
out its ridges and corners, to get a smooth 3-manifold M. Close to
the center of the facets, the manifold is flat and the local feature size
is Θ(d). Consider the Delaunay triangulation of a dense sampling
on M such that the circumradius-edge radius for every tetrahedron
is larger than a constant. In the central portion of a facet, locally,
this is a 3-d triangulation (since the manifold is flat there), and the
normal of all simplices are correct (point to the 4th dimension).
Suppose there is a sliver there, made up of a triangle qrs and an
extra vertex p, so that p is at a distance ∆ from aff(qrs) with ∆ arbitrarily small (this is possible under the condition of a dense sampling and a triangulation with bounded circumradius-edge ratio).
To be precise, let p = (0, 0, ∆, 0), q = (1, 0, 0, 0), r = (1, 1, 0, 0)
and s = (0, 1, 0, 0). Then the normal is in the direction (0, 0, 0, 1).
Now, we deform very slightly M near ((0, 0, 0, 0) into the 4th dimension –creating a very small bump– (recall M was flat there)
to obtain a manifold M0 , and move p into the 4th dimension into
the bump, also a distance ∆ away from aff(qrs). More precisely
p0 = (0, 0, 0, ∆). Since ∆ is very small, this can be done without
changing significantly the local feature size of M and, in particular, even near p0 , the local feature size remains essentially the same
(say the bump has curvature radius Θ(d)). However, the normal is
in the direction (0, 0, 1, 0). Thus, after moving p, we still have an
ε-sampling for the new manifold M0 , and also the restricted Delaunay triangualtion remains the same except for the slightly changed

sliver pqrs and its neighbors. We actually want the new pqrs to
be in the restricted Delaunay triangulation; to achieve this, we actually need to be more careful in moving p: move p so that there
is still a restricted Voronoi vertex corresponding to the sliver on the
manifold; this can be achieved by moving p on the circumsphere of
q, r, s.

12 Ball Property for Cells in VorM Ŝ
To verify that DelM (Ŝ) is homeomorphic to M, it suffices to
show that each of the cells in VorM (Ŝ) is homeomorphic to a
ball [12] (the result there is proved for unweighted points but
carries over to the weighted case given the weight property).
We assume in this section that ε is sufficiently small and
that no simplex dual to a restricted Voronoi cell is a sliver,
so that good normal approximation for these simplices hold,
say with angle π/32.
We need the following lemma, which is a minor modification of lemma 3.
L EMMA 17. If x, y ∈ M belong to a common cell of Vor Ŝ,
then kx − yk ≤ c5 εf (x).
L EMMA 18. For (ε, δ)-sampling with ε sufficiently small,
and assuming that no restricted Voronoi cell is dual to a
sliver, then each j-cell of VorM Ŝ is a topological ball.

13 Improvements
Improved Running Time. As described in Section 3,
our algorithm requires the computation of the complete
(weigthed) Delaunay/Voronoi complex. Though the complete complex is important for the determination of the poles
and the cocone, in the end, for the output complex only the
simplices that connect each sample point with other sample
points in a small neighborhood are needed, and they do not
depend on other distant samples.
Giesen and Wagner [15] have shown that, under (ε, δ)sampling, the manifold dimension can be estimated from an
appropriate neighborhood of each point. For a sample p ∈ S,
its α-neighborhood is
Nα (p) = {q ∈ S − {p} : kp − qk ≤ α

min

q0 ∈S−{p}

kp − q 0 k}.

For α ≈ 2ε/(1 − ε)δ, Nα (p) has size O(1) and captures
the shape locally: they fit an l-dimensional flat to the set
Nα (p) with l = 1, . . . , d; the fitting error is larger than a
threshold if l < k, and smaller if l ≥ k, and so k can be
determined. The fitting k-flat is then a good approximation
for Tp . These neighborhoods can also be used as the basis for
steps 3 and 4 of the algorithm in Section 3: the (weighted)
Delaunay simplices incident to a sample p that are relevant
for our reconstruction algorithm can be determined from
Nα (p) (for α slightly larger). Using approximate nearest
neighbor reporting [4], Nα (p) can be computed for all p ∈ S
in time O(n log n). Then dimension detection [15] and sliver
exudation take time O(n). We are hiding large constants
depending on the dimension in all cases. The overall running
time is O(n log n).
Weaker Sampling. (ε, δ)-sampling is somewhat restrictive. Our approach applies to a more relaxed variant: The parameter ε does not need to be the same throughout the manifold; it suffices that there is an ε locally that changes slowly
over the manifold –this is called locally uniform sampling in
[13]–, while the ratio ε/δ remains constant. This includes,
for example, a globally uniform sample, case not included in
(ε, δ)-sampling. The algorithm remains the same; the proof
of correctness extends without problem.
The result can potentially be extended to (, `)-sampling, at
the cost of even denser sampling. In this case, we would
need a preprocessing step that enforces locally uniform
sampling, similar to that in [13]. Briefly, it consists in
decimating the sample set to enforce the local uniformity.
For this a local decimation radius need to be estimated.
Using approximation techniques, all this can be done in time
O(n log n). If the manifold dimension k is known, then the
extension could be even to ε-sampling (no lower bound on

distances between samples). Details for these last extensions
still need to be worked out.
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