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Abstract

This paper addresses geometric problems that concern e@urfig an object using a cast
with a core. In casting, molten material is poured into thétgaf the cast and allowed to solidify.
The cast has two main parts to be removed in opposite pariiegtibns. To manufacture more
complicated objects, the cast may also have a core to be mxhioa direction skewed to the parting
directions. In this paper, given an object and the partirdyare directions, we give necessary and
sufficient conditions to verify whether a cast can be corstifor these directions. In the case of
polyhedral objects, we develop a discrete algorithm togerfthe test inO(n? log n) time, where
n is the object size. If the test result is positive, a cast widmplexityO(n?) can be constructed
within the same time bound. We also present an example to ghatwa cast may have(n?)
complexity in the worst case. Thus, the complexity of out caworst-case optimal.

1 Introduction

Casting or injection molding [12, 7, 14] is ubiquitous in timanufacturing industry for producing con-
sumer products. A cast can be viewed as a box with a cavitgensMolten material (such as iron,
glass or polymer) is poured into the cavity and allowed tad#gl Some cast consists of two parts and
the hardened object is taken out by removing the two partppositeparting directions See Figure 1

for an example. Many common objects need a core in additiontie two main parts in order to be
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Figure 1: The casting process with a 2-part cast.

manufactured. For example, consider a coffeemug in Fig(ag Zhe handle of the mug can only be
produced using the two main parts. However, these two mais pannot produce the cavity. Fig-

ure 2(b) shows how the coffeemug can be manufactured bypocating a core into the cast. The class
of castable objects may be enlarged through the use of 0®r&2] 14, 15], and cores are used widely
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(a) (b)

Figure 2: (a) A coffeemug is unattainable using a 2-part ¢a3By incorporating a core to the cast, the
cavity of the coffeemug can be manufactured.

in prevailing modes of production. In practice, a cast seld@s more than one core; otherwise, the
retraction mechanism for the main parts and the cores wald complicated. Figure 3 illustrates
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Figure 3: The casting process with a core.

the removal of the main parts and the core in the manufacfwiran object. We require that the main
parts and the core should be removed without being blockethdoyxast or the object. This ensures
that the given object can be mass produced by re-using the sast This paper is concerned with the
verification of the geometric feasibilitgastability, of the cast given the parting and core directions.

There has been a fair amount of work on the castability proljie 3, 4, 5, 9, 10, 11] for the case
that there is no core. Chen, Chou and Woo [6] described adiieurd compute a parting direction to
minimize the number of cores needed. However, the partirection returned need not be feasible.
Based on the approach of Chen, Chou and Woo, Hui presentedexirl time algorithms to construct
a cast [8]. However, there is no guarantee that a feasibtevdiébe found if there is one. Ahn et al. [2]
proposed a hull operator, reflex-free hull, to define cawitiepolyhedron. The motivation is that the
cavities limit the search space for parting and core dioesti

In this paper, we give the first exact characterization ofctitability of an object given the parting
and core directions. For a polyhedron of sizave develop a® (n? log n)-time algorithm for perform-
ing this test. The cast can be constructed within the same timund. This paper presents, to the best
of our knowledge, the first polynomial time algorithm for {wblem.

Section 2 describes the basic definitions and notationsedtiéh 3, we prove the exact character-
ization. We develop our castability verification and caststouction algorithm in Section 4. We also
present a lower bound construction that shows that the caguped has optimal complexity in the
worst-case. We conclude in Section 6



2 Preiminaries

Let A be a subset dR®. We say thatd is openif for any pointp € A, A contains some ball centered at
p with positive radius. We say that is closedif its complement is open. For all pointsc R?, pis a
boundary poinbf A, if any ball centered ai with positive radius intersects bothand its complement.
The boundary ofA, denoted bybd(A), is the set of boundary points. Tliterior of A, int(A), is
A\ bd(A). Note thatint(A) must be open.

We assume that the outer shape of the cast equals a box déydied he cavity of53 has the shape
of the objectQ to be manufactured. We assume this an open set so that the c#bt Q is a closed
set. The box5 is large enough so tha® is contained strictly in its interior. We usg, and—d,,
denote the given opposite parting directions, dntb denote the given core direction.

We call the main part to be removed in directidp thered cast partand denote it by’,.. We call
the other main part thelue cast partand denote it by’,. We denote the core hy.. We require each
cast part and the core to be a connected subgeésoth that3\ Q = C, UC, UC, and these three pieces
only overlap along their boundaries.

Given the objecQ and the directionsfm anddz, our problem is to decide i is castable That is,
whether3 can be partitioned int6,., C, andC, so that they can be translated to infinity in their respective
directions without colliding withQ and the other pieces. We assume that the order of removinattse
and the core is immaterial. In other wordsdfis castable, the parts and the core can be removed in any
order without colliding withQ or the other pieces.

We will need some visibility and monotonicity concepts. Anig € R? is illuminated by light
from directiond if a ray emitting fromp towardsd does not intersea. We denote by, the subset
of points ofB\ Q that are not |IIum|nated by light from direction’, or —d,,. An object ismonotone
in directiond if for any line ¢ parallel tod, the intersection betweehand the interior of the object is
connected.

3 Thecharacterization of castability

In this section, we develop the exact characterization efctstability ofQ given the parting and core
directionsd,,, andd.. Recall that we assum@ to be open but we do not requit2 to be polyhedral.
We first need some notations.

We useVs, to denote the points iiR? \ Q encountered when we swe#y, to infinity in direction
d... Note thatVy, includesV,, itself. Consider the illumination o U V¢, by lights from directions,,,
and—d,,. We use), to denote those points i\ (Q U V¢,) that are not illuminated. They¢ denotes
the points inR3 \ (Q U V<) encountered when we sweep to infinity in directiond...

We first prove two technical results.
Lemmal Givend,, andd,, if Q is castable, thews, N B C C, andV¢ N B C C..

Proof. Letp be a pointinV,,. By the definition ofV,,, if we movep in directiondﬁm or —cfm to infinity,

p will hit Q. Sop cannot be a point i@, or Cy. Thus,V,, C C.. Since@ is castableC. can be translated

to infinity in direction d, without colliding with @ and the red and blue cast _parts. This implies that
Ve N B C C.. By the definition of),, if we move a poinyy € V, in directiond,, or —d,,,, ¢ will hit

Q U V¢, Soq must be a point irC., implying thatV, C C.. Thus, the same reasoning shows that
VenB CCe.



Lemma?2 Givend,, andd,, if V<, U V¢ is monotone inl,, Q U V<, U VS is monotone inl,,.

Proof. Assume to the contrary that there exists a lingarallel tod,, that intersects the interior of
QU V5, UVS in at least two disjoint intervals. Letbe a point orf that lies in between two consecutive
intervals of¢ N (Q U VS, U VS).

Let L be a line segment ofithroughp such thatZ can be broken into three piecess’ ands” so
thats,s” C QU VS, U VS ands’ is outsideQ U VS, U VS. It is impossible that botl ands” lie inside
QuUYVe, ; otherwisep cannot be illuminated whe@ is illuminated by light from directiond,,, and—d,,,
(i.e.,p € V), a contradiction. Se or s”, says, intersects/S only. Without loss of generality, assume
thats is the end ofL in direction(fm.

Let ¢ be a point ors. Let¢ be the ray emitting frong in direction—d,.. SinceVs, U V¢ is monotone
in directiond,, by assumption$ must hit),,, U V,. On the other hand, cannot hity,,, because would
be inV¢, instead. S@ hits ), and lety’ be some point ig NV,. By the definition of),, the ray emitting
from ¢ in direction—d,,, hits V¢ . (We choose the directiord,,, because the point lies on the end
of L in directioncfm.) Let L’ be the maximal line segment on this ray such #ias one endpoint of
L’ and L' lies outsideV?,. Notice thatZ’ is not illuminated wher@ U V¢, is illuminated by light from
directionsd,, and—d,,,. It follows thatZ’ C V,. TranslateL’ in directiond,, until it overlaps withL
and call this translated line segmdiit. It follows thatZ” C V.

Observe thal.” and L share one common endpointso we have € L" orp ¢ L”. If p € L”, then
p € V¢, contradicting our assumption thatz QU VS, UVS. If p ¢ L”, thenL” is contained in the line
segmenpq. Note thatpg intersects/S andpq does not intersec® U V<,. Consider the endpointof L”
in the interior ofpg. This endpoinb is the translated endpoint &f whose neighborhood intersedts, .
Thus, an arbitrarily small neighborhood @imust intersecQ U V¢,. But thenpg intersectsQ U V¢, a
contradiction.

We are ready to prove the characterization.
Theorem 3 Givencfm andcfc, Q is castable if and only V¢, U VS is monotone infc.

Proof. If Q is castable, then for any poipte C., movingp to infinity in directiond, will not hit O,

Cr, orCy,. By Lemma 1,(V¢, U VS) N B is contained irC.. Therefore, by considering the movement of
all points in(V¢, U V<) N B in directiond,, we conclude thab¢, U V¢ is monotone ind,. This proves
the necessity of the condition.

We prove the sufficiency by showing the construction of a fas@. Ahn et al. [4] proved that an
object is castable using a 2-part cast (without any corepiting directiond if and only if the object
is monotone in directiom. Thus, Lemma 2 implies tha® N (V¢, U V<) is castable using a 2-part cast
in directiond,,,. We use the construction by Ahn et. al [4] to buildandC;, from B\ (Q U C.) with
the necessary modification for handling the core. The desaé as follows. Without loss of generality,
we assume that,,, is the upward vertical direction], makes angle of at most/2 with d,,, and the
horizontal projection ofl, aligns with the positiver-axis.

Recall that the cast is made from a rectangular axis-phiadbe 3. We makeB sufficiently large
and positionQ inside B so thatV;;, U VS intersects the interior of one vertical side facetzobnly. Let
S be that side facet d. Thicken.S slightly to form a slabS™. Let T be the top horizontal facet &.
ThickenT slightly to form one slaly™™.



We moveQ UV, U VS upward to infinity to form one swept volume. Then we subt@ct Vy, U VS
from this swept volume to form a shapé We can almost mak&’ the red cast part, but it is possible
that X is disconnected. So we add" to connect the components af to form one red cast paé.
Similarly, we can almost mak@’c, U V<) N B the core, but it may be disconnected. So we &dd\ C,
to connect the components (&5, U VS) N B to form the coreC... Lastly, we construct the blue cast part
CpasB\ (QUC,UC,).

The fact that the cast parts and core can be removed in anylmasieally follows from the construc-
tion. It suffices to argue that each cast part or core can bevedfirst. Sinc&’;, U VS is monotone in
directiond,, the coreC, can be removed first without colliding wit@ or the other cast parts. Consider
Cr. AsQUYVS UVSis monotone in directiorfm, the removal of,. cannot collide withQ orC... Clearly,
the removal of’,. cannot collide withC, by construction. The argument th@t can be removed first is
similar.

If we are given a CAD system that is equipped with visibiligneputation, volume sweeping, and
monotonicity checking operation, the characterizatioff ieorem 3 can be used directly to check the
castability of any object. The proof also yields the coradtan of the cast.

4 An algorithm for polyhedra

In this section, we apply Theorem 3 to check the castabilitg polyhedron. The goal is to obtain a
discrete algorithm whose running time depends on the cceidniial complexity of the polyhedron. To
be consistent with the previous section, our object is tierior of the polyhedron and we denote it
by P. The combinatorial complexity. of P is the sum of the numbers of vertices, edges, and facets
in bd(P). We present ad(n? log n)-time algorithm for testing the castability @f given d,,, andd...
During the verification, we compute®, UVS, from which the cast can be easily obtained as mentioned
in the proof of Theorem 3.

Throughout this section, we assume that is the upward vertical direction. We also make two
assumptions about non-degeneracy. First, no faded () is vertical. Second, the vertical projections
of two polyhedron edges are either disjoint or they cross ettter. These non-degenerate assumptions
simplify the presentation and they can be removed by a mdegleld analysis. We call a facet &f an
up-facetif its outward normal points upward, andlawn-faceif its outward normal points downward.

Let H be a horizontal plane belo®. We project all facets o onto H. The projections may
self-intersect and we insert vertices at the crossings. réting subdivision ha®(n?) size and we
denote it byM. For each cell of\, we keep the set of polyhedron facets that cover it. We carpoten
M in O(n?logn) time using a plane-sweep algorithm and the associationlghpdron facets to cells
can be done i (n3 log n) time.

After computing M, we test whethed;, U VS is monotone ind, (see Theorem 3). We partition
H into 2D slabs by taking vertical planes paralleldpthrough all vertices ofM. Since there are
O(n?) vertices inM and a vertical plane parallel . intersectsO(n) edges ofP, there areO(n?)
intersections in total. So the overlay 6f and the slabs can be computedn?log n) time using a
plane-sweep algorithm.

Consider a slak on’H. From the constructiort; contains no vertex in its interior and is partitioned
into O(n) regions by the edges d#1. Let d be the projection ofl. on’H. The regions irt are linearly
ordered in directionl and we label them by\g, A4, ... in this order. Notice that\, is unbounded in



direction —d and the last region is unbounded in directibnWe use(; to denote the boundary edge
betweenA; ; and A;. For each regiom\;, we keep the set of polyhedron facets that cover it. We
cannot do this straightforwardly. Otherwise, since thaee((n?) regions over all slabs and we may
keepO(n) polyhedron facets per region, the total time and space detddo this would beD(n?).
The key observation is that the total number of changes isdkgof polyhedron facets over all regions
in X is O(n). Therefore, we can use a persistent search tree [13] totstergets of polyhedron facets
for all regions inX. This takesO(n log n) time andO(n) space to build per slab. Hence, it takes a total
of O(n?logn) time andO(n?) space.

We employ an inductive strategy for testing the monotoyioftV;, UV§ in d., within the unbounded
3D slabX x |00, —oc] for each 2D slat on’H. Repeating this test for all 2D slabs shgives the final
answer. We scan the regionsnn the orderA,, A4, . ... During the scanning, we incrementally grow
avolumeVe. The volumeV* is initially empty andV© will be equal to(V5, U VS) N (2 X [co, —o]) in
the end.

We first discuss the data structures that we need to maintaimgithe scanning. Consider the event
that we cross the boundaty and that the portion oP<, U V< encountered so far is monotonedn
Take the vertical strip througy. We translate this strip slightly int&\;_; (resp. 4A;) and denote the
perturbed strip by (resp. H;"). LetI;” denote the intersectiofl; N (V<S, U V) and letl;" denote
the intersection;" N (VS, U VS). BothI; and ;" consist ofO(n) trapezoids. We call the upper and
lower sides of each trapezoid itgiling andfloor, respectively. The ceiling of each trapezaidies on
a boundary facet of5, U V5. We call this boundary facet theeiling-facetof 7. This ceiling-facet may
lie within a down-facet irbd () or it may be parallel tal, and disjoint frombd(7?). The latter kind
of facets are generated by the sweeping towdrdd herefore, it suffices to store a polyhedron facet or
a plane parallel tal, to represent the ceiling-facet. We denote this representay f, (7). Similarly,
the floor of 7 lies on a boundary facet af¢, U VS. This boundary facet may lie within a up-facet of
‘P or it may be parallel tal, and disjoint frombd(P). We call it thefloor-facetof ~ and denote its
representation by, (7).

We are ready to describe the updating strategy when we reael eegions;. We first discuss the
monotonicity test. Later, we discuss how to groWif the test is passed. Note that there is a change in
the polyhedron facets that covA;_; andA,. There are several cases.

1. For any trapezoid- € I, neither f,(7) nor f,(r) is about to vanish above;. Then some
polyhedron edge must project vertically ontg;. Also, the vertical projections of the two incident
polyhedron facets of coverA; but notA; ;. Consider the projection™ of e in direction —d..
onto ;. This projectione™ cannot lie between two trapezoidsij because the space between
two trapezoids is the polyhedron interior. So there are bmtycases:

(a) The projectiore™ cuts across the interior of a trapezeid: ;. In this case, we abort and
report thatP is not castable. The reason is that one polyhedron facetantitoe must
block the sweeping of towardsd,. It follows thatV<, U V¢ is not monotone inl, and soP
is not castable by Theorem 3.

(b) The projectiore™ lies above all trapezoids. The case thatlies below all trapezoids can
be handled symmetrically. Lgtbe the down-facet incident t If we projecte vertically
downward, the projection either lies on some up-fatebor a boundary facet of¢, U V¢
that is parallel tal., or lies at infinity. The last case happens whgnis empty andA;_;
is empty (e.g., when we cross the boundanpetweenA; andA,) and there is nothing to
be done for this case. We discuss the other two cases’ benote this vertical downward



projection ofe.

i. If ¢ lies on a up-facetf’, thene and¢’ define a new trapezoid that lies above all
trapezoids in/;” and thatf,(7) = f and f,(7) = f’. I;” contains all trapezoids iy
as well asr. However, if the outward normal gf makes an obtuse angle with, then
f blocks the sweeping of towardsd, and we should abort and conclude as before that
P is not castable.

i. If ¢’ lies on a boundary facet af, U V¢ that is parallel tal,, thene’ actually lies on
fu(T) wherer is the topmost trapezoid iff . Thus, we should grow upward and set
fu(T) = f. I contains this updated trapezaicand the other trapezoids ify . There
is no change in the monotonicity status.

2. For some trapezoid € I, f,(7) or f,() is about to vanish abowg. In this case, a polyhedron
edgee boundsf,,(7) or f,(7) ande projects vertically onta@;. There are two cases:

(a) The polyhedron facets incidentddie locally on different sides of the vertical plane through
¢;. Let f be the incident facet of that lies locally in direction,, from e. In this case, the
vanishing f,,(7) or fe(7) should be replaced by. However, if the outward normal of
f makes an obtuse angle Witﬁ, we should abort and conclude as before tRas not
castable.

(b) Otherwise, both incident facets ofie locally in direction—d, from e. There is no change
in monotonicity status, but we need to perform update asv@! Letf be the vanishing
fu(r) or fo(1) of 7. There are two cases:

i. There are trapezoids ify that lie above and belovi. Clearly, 7 is one of them. Let
7' be the other trapezoid. Thefiy(7') or fy(7') is about to vanish abowg too. In this
case, we should mergeandr’ into one trapezoid. The ceiling-facet and floor-facet of
this merged trapezoid are the non-vanishing ceiling-facet floor-facet ofr and’.

I contains this merged trapezoid and the trapezoids inther than- andr’.

ii. Alltrapezoids inI;” lie locally on one side of . Assume that is the topmost trapezoid
in I;. The other case can be handled symmetrically. Thenf, (7). It means that we
are about to sweep the shadow volume befoand bounded by into the space above
A;. Thus, we should sef,(7) to be the plane that passes throughnd is parallel to
d.. I;r contains this updated trapezaicand the other trapezoids iy .

If we represent each trapezoid I combinatorially by its ceiling-facet and floor-facet, thegose
description tells us how to updafe combinatorially to producg;”. Notice thatZ;" will be treated as
I, when we are about to cross the boundgty; in the future. By storing the trapezoids Ify in a
balanced binary search tree, the updat¢ aan be performed i) (logn) time. Since there ar@(n)
regions in%, scanning: takesO(n log n) time. Summing over all 2D slabs ¢t gives a total running
time of O(n3logn).

What about growing’¢ into the space abov&,? After the update, for each trapezaid: I;r , fu(T)
and f;(7) cut A; x [co, —oo] into two unbounded solid and one bounded sa@lid Conceptually, we
can grow)* by attachingB; for each trapezoid € I, but this is too consuming. Observe thaf jf
merely inherits a trapezoid from I, there is no hurry to sweepinto the space abov4;. Instead,
we wait until; for the smallesy > ¢ such thatljr does not inherit from I~ ;. Thenf,,() and f,(7)
cut R x [oo, —oo] into two unbounded solids and one bounded sSlidwhereR is the area withirk
bounded by;; and(;. We attachS; to grow V. By adopting this strategy, we spet1) time to grow



V¢ when we cross a region boundary. Hence, we spend a tatalof) time to construcV, UVS. Once
V¢ U V¢ is available, we can construct the castiin®) time as explained in the proof of Theorem 3.

Theorem 4 Givend,,, andd,, the castability of a polyhedron with sinecan be determined if)(n? log n)
time andO(n3) space. If castable, the cast can be constructed in the sareatid space bounds.

Figure 4: The boundary of each object is partitioned intee¢hpieces in accordance with the pair of its
removal directions in which the object has been verifiedatdst

We developed a preliminary implementation of the algorithihTheorem 4. Figure 4 shows the
output of our implementation on two polyhedra. The direttit, is the upward vertical direction.
The directiond, is the leftward direction. In Figure 4, we show the partitmfithe polyhedron facets
depending on which cast part they belong to. For the easesaflzation, each boundary patch is
translated slightly in its corresponding removal direatio

5 Worst-case example

In this section, we present a lower bound construction shgwiat a castable polyhedron of sizean
require a cast of2(n?) size. Thus the space complexity in Theorem 4 is worst-catimabpand the
time complexity of our algorithm is at mostlaég n factor off the worst-case optimum. Throughout this
section, we assume thé;tl is the upward vertical direction araﬂ is the leftward direction.

Figure 5: The lower bound example in a perspective view.

Figure 5 shows our lower bound construction. The polyhedmnrsists of two parts: the upper part
has four horizontal legs in a staircase and three slantedsiéiing on a horizontal leg. The lower part
is an almost identical copy of the upper part, except thaastthree small holes as shown in the figure.
The upper hole can only be covered by the red cast part to beveshvertically upward, and the other

8



two holes only be covered each by the core and the blue cast pigure 6(a) shows the front view
(when we look at it from the left) and the top view of the polgihen P. In both projections, all three
horizontal legs cross the other three slanted legs in therypgot as well as in the lower part.
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Figure 6: (a) A top view and a side view of the lower bound cartion. (9) Two cross sections along
a (left) andb (right). The only way to removg (resp.q) is translating it ind,,, (resp.d.).

Clearly, the polyhedron is castable with respect to thergd}g andd,. We argue that the cast has
Q(n?) size. Imagine that we take a plahearallel tod,,, andd,, and sweef® with h in the direction
orthogonal toh. During the sweep, the cross-secti®hn h is 2-part castable (in 2D) with parting
direction d, ,, except whem intersects a volume iw,,. When this happens? N h is castable with
parting directiond,,, and core directio,. Figure 6(b) shows two cross-sections during the sweep. The
left and right pictures in Figure 6(b) show the cross-sectibpositions: andb, respectively, shown in
Figure 6(a). In the left cross section, jebe a point in3 \ P, lying inbetween a horizontal leg and a
slanted leg in directior, and above the slanted leg. The only way to remwtranslatlng it ind, ,,
which means that the set of pointsfin, P hit by the ray fromp in directiond,,, to infinity must belong
toC,. Now letq be a point inV,, in the right cross section. Analogously, the set of point8 i hit by
the ray fromg in directiond, to infinity must belong ta’¢, and hence,. In addition, the set of points
in B\ P that lies inbetween the ray arlin directiond,,, belong toC, since these points belong to the
set), by definition. While we sweef® with h, these two kinds of cross sections appear alternately.

We put©(n) horizontal legs an®(n) slanted legs in both the upper and the lower parts. In the
upper part, each slanted leg must be in contact with Bp#ndC.. Moreover, the contacts wiit}. and
C. alternate® (n) times along the slanted leg. As a result, the slanted ledeinpper part have a total
of ©(n?) contacts withC.. These contacts sweep in directignand generat®(n?) swept volumes.
The merging of any two such swept volumes is forbidden by ligereate appearances of the left cross-
section in Figure 6(b). Each swept volume projects vetlicaid produces a shadow on each horizontal
leg that lies below it. Thus, the total complexity @fis Q(n?).



6 Conclusion

Given the parting direction and the core direction, we presgan exact characterization of the casta-
bility of an object. Based on this characterization, we tigyed anO(n? log n)-time andO(n?)-space
algorithm for testing a polyhedron of size We presented a lower bound construction to show that our
cast complexity is worst-case optimal.
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