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Abstract
The geometry of plane-based calibration methods is well
understood, but some user interaction is often needed in
practice for feature detection. This paper presents a fully
automatic calibration system that uses patterns of pairs of
concentric circles. The key observation is to introduce a ge-
ometric method that constructs a sequence of points strictly
convergent to the image of the circle center from an arbi-
trary point. The method automatically detects the points of
the pattern features by the construction method, and iden-
tify them by invariants. It then takes advantage of homolog-
ical constraints to consistently and optimally estimate the
features in the image. The experiments demonstrate the ro-
bustness and the accuracy of the new method.

Keywords: camera calibration, concentric circles, cross
ratio, homological constraint.

1. Introduction
Using planar patterns [21, 18, 19] for camera calibration
is popular for its practical convenience. Such calibration
methods consist of three major steps: detection and loca-
tion of pattern features in image, identification of features
with the known calibration pattern in space, and the com-
putation of camera parameters using the feature correspon-
dences. Different planar patterns are introduced, e.g. grid
pattern [21, 18, 19], circular pattern [9, 3, 11, 6, 20] and
some mixed pattern [13]. However, most of the works have
been concentrated on the geometric aspect, i.e. deriving
new constraint for the computation of camera parameters.
The bottleneck of automatic detection and identification of
the features for the practice of calibration has not been put
sufficient efforts.

Features on a planar pattern are usually detected by cor-
ners detection algorithm (Harris operator etc.) or edge de-
tection algorithm (Canny operator etc.) or lines or conics
detection algorithm (Hough Transform etc.) or their combi-
nations. All these methods are often time-consuming, more
importantly, the identification of the image features with the
known pattern features in space is difficult, and often some

degrees of user interaction is required. This is particularly
true for point features even many ad hoc correspondence
methods have been developed for specifically designed pat-
terns [13]. A good pattern for calibration should first pro-
vide sufficient geometric constraints, then should be easily
detectable and identifiable.

We will use planar pattern of pairs of concentric circles
to develop our approach in this paper as this pattern is ge-
ometrically richer than point-like features. Some geomet-
ric properties of such pattern have been introduced and dis-
cussed by researchers [11, 6, 20], but their geometric deriva-
tion could have been much simplified by using the simple
fact that the image of a pair of concentric circle intersects
at a repeated pair of points, the image of the circular points
[8]. Moreover, these papers have used the Hough Transform
based method to detect the conics that are the images of the
circles without considering the intrinsic special geometric
properties of the pattern. These papers also do not consider
the important feature identification issue.

This paper is not about new geometry for calibration, in-
stead, we will introduce in Section 3 an interesting construc-
tive geometric method that one point approaches the center
of circle in a convergence manner. We will use this con-
struction tool to lay down a unified method with detection,
location and identification of these patterns in an image in
Section 4 and Section 5. Section 6 presents the homolog-
ical constraints to obtain optimal and consistent estimation
of image features.

The main contributions may be summarized as follows:

• It introduces a constructive method for the image of
the center of the circles from a pair of conics.

• It automatically detect and identify the image points
with the calibration patterns in a robust and efficient
manner.

• It enforces the homological constraints for consistent
and optimal location of the pattern features.

• It presents a complete system of practical and auto-
matic calibration method.
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The method will be summarized in Section 7 and exper-
imented in Section 8. A short conclusion is given in Sec-
tion 9.

2. Basic notations
Throughout the paper, a scalar or a geometric object is de-
noted by a normal letter, while a row vector is by a small
case letter in bold, and a matrix by a capital letter in bold.

Camera Model A camera is always modelled by a per-
spective projection [5, 8]. The projection may be repre-
sented by a 3×4 projection matrix P such that P = K [ R | t],
where R, a 3 × 3 rotation matrix and t, a 3 × 1 translation
vector, are extrinsic parameters and

K =





af s u0

0 f v0

0 0 1



 ,

is intrinsic parameters matrix. The image of the absolute
conic ω is by definition λω = (KKT )−1.

Harmonic conjugate points Given collinear points A,
A′, P and Q, the points A and A′ are harmonic con-
jugate points with respect to P and Q if the cross ratio
{A,A′;P,Q} = −1, (cf. [17]). There is an important spe-
cial case when P and Q divide segment AA′ internally and
externally in the ratio 1 : 1. In this case P is the midpoint
and Q is the point at infinity on the line.

Homology A homology [17, 8] is a special projective
transformation that arises in some special imaging situa-
tions [4]. It can be parameterized [16, 8] by a line of fixed
points l (axis), a fixed point not on the axis v (vertex), and a
scalar factor µ, its characteristic ratio.

G = I3×3 + µ
v lT

vT l
,

where I3×3 is 3 × 3 identity matrix.

3 The basic idea of the new method

3.1 A simple geometric observation
Given a circle as illustrated in Figure 1, we will try to reach
the center O of circle from an arbitrary point P inside the
circle. First draw an arbitrary line through the point P , take
the midpoint P1 of the chord generated by the line. Then,
do the same by drawing another arbitrary line through the
point P1, and take the midpoint P2 of the chord generated
by the new line. It is immediate to observe that

|OP2| < |OP1|.

The point P2 is always closer to the center O than the pre-
vious point P1. Continuing this construction results in a
sequence points that strictly converge at the center of the
circle as long as each time a different line is drawn. In other
words, the center of the circle is always in a strictly decreas-
ing convex area formed by all the chords.

O

P1

P2

P

Figure 1: Construction of a sequence of points P1, P2, ...
strictly convergent to the center of the circle from any point
P .

This construction is for a circle in a Euclidean space, we
need to move this construction into conics in a projective
plane.

3.2 Construction of the image of the mid-
point

For our pattern of a pair of concentric circles, its image is a
pair of conics. The goal is to construct the image of the cen-
ter of circles from the observation of the pair of conics. The
key is to translate the Euclidean concept of the midpoint of
a given segment into a projective notion of harmonic conju-
gate that could be determined by a pair of conics.

In space, for a pair of concentric circles, a line cuts it in
the two points A, A′ of the outer circle, and the two points
B, B′ of the inner circle. There are two midpoints of seg-
ments of AA′ and BB′: the finite midpoint P and the in-
finite point Q on the line at infinity as illustrated in Figure
2. In projective terms of cross-ratios, P and Q are the in-
ternal and external harmonic division of the segment AA′

and BB′, and they are called the harmonic conjugate points
with respect to each pair of points on each circle:

{A,A′;P,Q} = {B,B′;P,Q} = −1. (1)

Now project this pair of concentric circles onto an image
plane as shown in Figure 3. Since the harmonic division is
projective invariant that is preserved in the image, i.e. we
still have two equations

{a, a′; p, q} = {b, b′; p, q} = −1, (2)

where a, a′, b and b′ are the image of the intersection points
A, A′, B, and B′ that are measurable in the image, the two
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Figure 2: The geometry of the midpoints of concentric cir-
cles in space.

equations result a quadratic equation whose two solutions
are the pair of points p and q. In image space, we know the
inside convex sets of the segment aa′, we therefore choose
the midpoint p form the solution pair to be that is inside the
segment aa′.
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Figure 3: The construction of the image of the midpoint in
an image plane

3.3 Construction of the image of center of cir-
cles

With this construction method of the image of the midpoint
from a pair of conics, we could, from an arbitrary point p on
the plane, construct a sequence of points rapidly approach-
ing the image of the center of circles: From an arbitrary
point, draw a line, get the intersection points with the conics
and construct the image of the midpoint p

1
by the harmonic

ratio, then draw another line from p
1

and continue.
The sequence of points p

i
strictly converges to the image

of the center of the circles as back in space, we have

|OP1| > |OP2| > | · ·· > |OPi−1| > |OPi|.

4 Detection by construction
Armed with this construction tool of the image of the mid-
point and the image of the center of circle, we describe how
this construction is combined with an image point detector
to achieve an automatic detection approach.

Making starting points In principal, we can start from a
random point in the image plane and draw a random line
through it. We could achieve our construction if the random
line intersects the pair of conics. Otherwise, another point
or another line is randomly generated.

Our current strategy is to use some ’seed’ points to start
the construction procedure. The seed points are drawn from
a regular square grid on the image. The grid size is deter-
mined by the size of the pattern so that at least one grid point
is falling inside each pattern for ease of construction. One
example is given in Figure 4. For the random generation of
lines, we just alternatively take the horizontal and vertical
lines, which is both convenient and efficient.
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Figure 4: A calibration pattern in a scene and the grid points
marked as ’+’ that are used as seed points to start the con-
struction procedure. A vertical line in white is drawn from
a seed point.

Detecting feature points in 1D images The advantage of
the approach lies in that we do not need to pre-detect corner
points or whatever edge points at the beginning. Our opera-
tions are restricted to a line, so we can take all pixels along
that line to form our 1D image as illustrated in Figure 5.
Then, it is only necessary to detect 4 point features beside
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’seed’ point from this 1D image. This is far more efficient,
accurate and robust compared to using a usual 2D edge de-
tector. The image line is convoluted with a derivative of 1D
Gaussian kernel [12]. The edge points are the local maxima
of the convoluted signal above a threshold.
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Figure 5: The 4 feature points are the edge points beside the
’seed’ point of this 1D signal and could be easily detected.
Note that we needn’t to search the whole line.

Checking the set of points by invariant For the current
point p

i−1
and the current line, the nearest 2 points on the

line on each side of the current point are selected to form a
set of 4 ordered points. The harmonic conjugate points p

i

and q
i

are constructed from the 4 points. Then we define
the cross ratio

ρi = {b′

i
, a′

i
; p

i
, q

i
}. (3)

If the set of 4 ordered points are indeed the intersection
points with the pair of conics, its associated cross-ratio ρi

forms a strictly increasing sequence:

ρ1 < · · · < ρi−1 < ρi < · · · =
r1

r2

,

and converges to the ratio of the radii of the circles. This
is due to the fact that the corresponding chord on the circle
is strictly increasing to reach the diameter of the circle as
the midpoint of the chord is approaching to the center of the
circle.

By tracking this cross-ratio during the construction, the
starting points that are not falling inside the inner conic area
will be eliminated.

At the end, this procedure not only constructs the image
of the center o of the circles, but also detects the points q

i

of the vanishing line l∞, and the points ai, a′

i
and bi and b′

i

on the two conics.

5 Identification by invariant
Most point-based calibration methods can not automatically
identify the image corner points to the points of the cali-
bration pattern in space. Interactive manipulation is always
necessary, for instance, it is necessary to interactively mark
up 4 points for plane-based calibration methods [21, 18].

The configuration of a pair of concentric circles is pro-
jected onto a pair of conics. It is well-known [14] that
there are two projective invariants Trace(C−1

1
C2) and

Trace(C−1

2
C1) associated with a pair of conics. It is

straightforward to see that these two invariants are equiv-
alent for a pair of concentric circles as it results in a degen-
erate configuration that they are intersecting onto a repeated
pair of points instead of 4 independent points.

We can use this invariant in its algebraic form, but more
simply, this invariant is equivalent to the following cross-
ratio

ρ = {b′, a′; o, p} = {b, a; o, p} =
r1

r2

, (4)

where o is the imaged circle center, a and b are the intersec-
tion points of a line through o with the circles, and p is the
vanishing point of that line. We prefer using this cross-ratio
as it is straightforward and the quantities o and p are already
available by our construction method.

This independent projective invariant is sufficient to
uniquely identify a pair of concentric circles provided that
the radii ratio differ.

6 Optimal Location by homological
constraints
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Figure 6: Optimal and consistent estimation of a pair of
conics being image of a pair of concentric circles.

Usually, each conic of the pair is to be determined inde-
pendently, however this may result in a pair of conics that
is not consistent with the image of a pair of concentric cir-
cles. For instance, a pair of conics from a pair of concen-
tric circles should still intersect only in a repeated pair of
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points like a pair of concentric circles (they intersect in the
repeated pair of circular points) as this incidence property
is preserved by the projection.

Here in addition to all points of each conic at our dispo-
sition, all points on the vanishing line, and the image of the
center of circles are already available. We will take advan-
tage of intrinsic constraints to optimize the location of all
these geometric quantities consistently and more accurately,
which is also the key to the accuracy of the final calibration
results.

It is known and easy to see that there exists a homolog-
ical relationship between points of the two conics [17, 8].
Previous researchers did not exploit this geometric con-
straint for estimation purpose.

A line through the image of the center of circles o and a
point q on the vanishing line l∞ intersects the pair of conics
in two points a and b on the same side of the image of the
center of circles. The points a and b satisfy a homology
G, λb = Ga, with its fixed line being the vanishing line
l∞ and its fixed point the image of the center of circles o.
Therefore, the two conics are related by the homology as:

λC2 = G−T C1G−1. (5)

The homology can be parameterized [16, 8] by its fixed
line, fixed point and a cross-ratio:

G = I3×3 + ρ
o l∞T

oT l∞
, (6)

where I3×3 is 3 × 3 identity matrix.
The pole-polar relationship [17] between the image of

the center of circles o and the vanishing line l∞ with respect
to the outer conic C1

λl∞ = C1o, (7)

still holds.
Equations 5, 6 and 7 are the intrinsic constraints on the

redundant conics, image of center and the vanishing line.
For a pair of constrained conics, it can be minimally param-
eterized by 7 parameters, for instance, we can choose the 5
parameters of the outer conic and the 2 parameters of the
vanishing line as the pole-polar relationship could be sub-
stituted into the homology to minimize

f(C1, l∞) =
∑

d2(a, C1) + d2(b, C2)

where C2 is parameterized by C1 and l∞. It can be eas-
ily solved using Levenberg-Marquart algorithm either for a
real distance or an approximate distance function [1] as the
initial estimates are already very good.

For all pairs of constrained conics available in an image,
the vanishing line is common to all pairs, so each pair is just
parameterized by one of the conics, we can minimize

∑

fi(Ci, l∞)

over the number of the pairs of conics.
The planar homography is estimated from the correspon-

dences of the pair of circular points and the centers of cir-
cles. In image plane, each image of the center of the conics
is determined as the pole of the vanishing line with respect
to each conic.

Once we obtained an optimized solutions to the image
of the circular points and the homography, the intrinsic and
extrinsic parameters are extracted in the same way as the
plane-based method [21, 18] and all camera parameters are
globally optimized using Maximum Likelihood Estimation
method.

7. Method outline
Now we can describe the complete calibration procedure.

1. Preparation of the patterns Prepare a planar pattern
of pairs of concentric circles. The position of the circle
center and the radius of each circle is known. At least
two pairs are necessary, take images of this planar pat-
tern, at least 3 images are necessary. This is the only
manual part of the calibration. After this, the following
steps are completely automated.

2. Detection and identification of pattern features

(a) Generate the seed points in the image plane by
drawing a regular square grid. The size of the
grid is fixed and depend on the smallest area of
the image of the inner circle may be occurred in
practice. So that there is at least one grid point
falling inside the any imaged pair of concentric
circles.

(b) Start the construction method from each seed
point, and each seed point is to be either dis-
carded if it is outside the inner conics or con-
verged to the position of the image of the circle
center.

(c) Each pair of conics is identified by its unique in-
variant cross-ratio.

3. Location optimization

(a) Optimize the geometry of each pair of conics us-
ing a homology-based minimal parametrization.

(b) Optimize all pairs of conics and the homography
between the image plane and the calibration pat-
tern.

4. Extraction of intrinsic and extrinsic parameters
The parameters are extracted from the circular points
and the homography as proposed in previous plane-
based calibration method [21, 18].
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Figure 7: Different steps of the construction of the image of
the center of the circles from a pair of conics with simulated
data. The constructed images of the midpoints are marked
with a square. The point in diamond shape is the starting
point.

8. Experimental results
The method has been implemented and tested on both sim-
ulated and real image data. The whole system will be put
into public domain. As we have stressed that here it does
not make sense to compare with other calibration methods
as they are all geometrically equivalent. We are solving two
problems of practical importance for calibration: the au-
tomatic detection of features vs. user interaction and the
accurate estimate of the features in image.

We have first set up a simulated experiment to validate
our approach as illustrated in Figure 7. About 5 steps, the
procedure converges to the image of the center of circles up
to pixel accuracy.

It should be noted from Figure 7 that the image of
the center of circles DOES NOT the center of the conics
and cannot be detected using the general moment based
methods[7, 10]. Heikkilä and Silven[10] used a recursive
procedure with the camera parameters to correct the bias
between the imaged center of circles and center of conics
after knowing the latter positions. However, in our method,
we can directly locate the positions of imaged center of cir-
cles without considering the camera parameters.

We then did real experiments to show the robustness and
accuracy of the detection. The seed points in images are
marked with ’+’. If a seed point does converge to the po-
sition of the imaged circle center, it is drawn as a diamond
marker and the position of the center as a ’×’ marker. When
more than one pair of concentric circles is present, it is iden-
tified by a numerical label at the center. Figure 8 shows
three images of an experiment of a pattern of one pair of
concentric circles under different poses and backgrounds. It

shows that every seed point inside the conics does converge
to the center while all other seed points are soon discarded
due to its divergency.

Figure 9 shows one experiment of a pattern of 6 pairs of
concentric circles. The imaged circle centers are success-
fully located and identified. The ratios of inner and outer
radii varies from 0.50 to 0.75 with a interval of 0.05. The
experiment results show that the absolute errors of the ratios
are less than 0.005.

Figure 10 shows one experiment of a pattern of 12 pairs
of concentric circles with a toy on it. This shows that our
method is very efficient at detecting a complete pair of con-
centric circles, however it does not detect any pair that is
even partially occluded. This does not limits our method for
the calibration task and it can be improved later. This ex-
periment includes 19 images, and these images are captured
from different positions related to the pattern with fixed in-
trinsic parameters. Combining our feature detection with
Zhang’s [21] calibration method, we get the camera matri-
ces related to these 19 images. These matrices are used
to create the visual hull [2, 15] of the toy in order to ver-
ify the calibration results. Views of the 3D model with the
cameras’ positions and the pattern are shown in Figure 11.
The interested reader can also integrate our feature detec-
tion with Heikkilä’s [9] or other well studied calibration
methods.

9. Conclusion
In this paper, we present an automatic calibration method
that makes the calibration task practical as all detection, lo-
cation and identification of pattern features are fully auto-
matic. The proposed pattern is a planar one with variable
number of pairs of concentric circles. The key is the intro-
duction of a simple constructive geometric method to ap-
proximate the image of the circle center from an arbitrary
point. We hope that method can be easily used by any lay-
man to easily calibrate his camera.
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Figure 10: 3 images of one image sequence with fixed internal parameters used for a 3D reconstruction.

Figure 11: Reconstruction results of the toy with the camera poses and pattern.
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