Detectionof Concentric Cir clesfor Camera Calibration

GuangJIANG andLong QUAN
Departmenbf ComputerScience
HongKongUniversity of ScienceandTechnology
Kowloon,HongKong
f gjiang,quag@cs.ust.hk

Abstract

The geometryof plane-basedtalibration methodsis well
undesstood, but someuser interaction is often neededin
practice for feature detection. This paperpresentsa fully
automaticcalibration systenthat usespatternsof pairs of
concentriccircles. Thekey observatioris to introducea ge-
ometricmethodhat constructsa sequencef pointsstrictly
cornvergent to the image of the circle centerfrom an arbi-
trary point. Themethodautomaticallydetectshe pointsof
the patternfeatues by the constructionmethod,and iden-
tify themby invariants. It thentakesadvantae of homola-
ical constaints to consistentlyand optimally estimatethe
featuesin theimage. Theexperimentdemonstatethero-
bustnesandtheaccuracy of thenew method.

Keywords: cameracalibration,concentriccircles, cross
ratio, homologicalconstraint.

1. Intr oduction

Using planarpatterns[21, 18, 19] for cameracalibration
is popularfor its practicalcornvenience. Suchcalibration
methodsconsistof three major steps: detectionand loca-
tion of patternfeaturesin image,identi cation of features
with the known calibrationpatternin space,andthe com-
putationof camergparametersisingthe featurecorrespon-
dences.Differentplanarpatternsareintroduced.e.g. grid
pattern[21, 18, 19|, circular pattern[9, 3, 11, 6, 20] and
somemixed pattern[13]. However, mostof theworks have
beenconcentratedn the geometricaspect,i.e. deriving

new constraintfor the computationof cameraparameters.

The bottleneckof automaticdetectionandidenti cation of
the featuredor the practiceof calibrationhasnot beenput
sufcient efforts.

Feature®n a planarpatternareusuallydetectedy cor
nersdetectionalgorithm(Harris operatoretc.) or edgede-
tectionalgorithm (Canry operatoretc.) or lines or conics
detectionalgorithm(HoughTransformetc.) or their combi-
nations.All thesemethodsareoftentime-consumingmore
importantly theidenti cation of theimagefeatureswith the
known patternfeaturesn spacds dif cult, andoftensome

degreesof userinteractionis required. This is particularly
true for point featureseven mary ad hoc correspondence
methodshave beendevelopedfor speci cally designedat-
terns[13]. A goodpatternfor calibrationshould rst pro-
vide sufcient geometricconstraintsthenshouldbe easily
detectablendidenti able.

We will useplanarpatternof pairsof concentriccircles
to develop our approactin this paperasthis patternis ge-
ometricallyricher than point-like features. Somegeomet-
ric propertieof suchpatternhave beenintroducedanddis-
cussedy researcherfd 1, 6, 20], buttheirgeometrideriva-
tion could have beenmuch simpli ed by usingthe simple
factthat the imageof a pair of concentriccircle intersects
atarepeatedgair of points,theimageof thecircularpoints
[8]. Moreover, thesepaperdave usedtheHoughTransform
basednethodto detecttheconicsthataretheimagesof the
circleswithout consideringthe intrinsic specialgeometric
propertiesof the pattern. Thesepapersalsodo not consider
theimportantfeatureidenti cation issue.

This paperis notaboutnew geometryfor calibration,in-
steadwewill introducein Section3 aninterestingconstruc-
tive geometriomethodthatonepoint approachethe center
of circle in a corvergencemanner We will usethis con-
structiontool to lay down a uni ed methodwith detection,
locationandidenti cation of thesepatternsn animagein
Section4 and Section5. Section6 presentghe homolog-
ical constraintdo obtainoptimal andconsistenestimation
of imagefeatures.

Themaincontritutionsmaybe summarizedsfollows:

It introducesa constructve methodfor the image of
the centerof the circlesfrom a pair of conics.

It automaticallydetectand identify the image points
with the calibrationpatternsin a robust and ef cient
manner

It enforcesthe homologicalconstraintsfor consistent
andoptimallocationof the patternfeatures.

It presentsa completesystemof practicaland auto-
matic calibrationmethod.



Themethodwill besummarizedn Section7 andexper
imentedin Section8. A shortconclusionis givenin Sec-
tion 9.

2. Basicnotations

Throughouthe paper a scalaror a geometricobjectis de-
notedby a normalletter, while a row vectoris by a small
casedetterin bold, anda matrix by a capitalletterin bold.

Camera Model A camerais always modelledby a per
spectve projection[5, 8]. The projectionmay be repre-
sentecbya3 4 projectionmatrixP suchthatP = K [Rjt];
whereR, a3 3rotationmatrixandt, a3 1 translation
vector areextrinsic parameterand

2 3
af s ug
K=4 0 f vy 9;
0O 0 1

is intrinsic parametersnatrix. The imageof the absolute
conic! isbyde nition ! = (KKT) 1.

Harmonic conjugate points Given collinear points A,
A% P and Q, the points A and A° are harmonic con-
jugate points with respectto P and Q if the crossratio
fA;A%P;Qg= 1;(cf. [17]). Thereis animportantspe-
cial casewhenP andQ divide sggmentAA Cinternallyand
externallyin theratio1 : 1. In this caseP is the midpoint
andQ is thepointatin nity ontheline.

Homology A homology[17, 8] is a special projective
transformationthat arisesin somespecialimaging situa-
tions[4]. It canbe parameterizel6, 8] by aline of x ed
points| (axis),a x edpointnotontheaxisv (verte), anda
scalarfactor , its characteristicatio.
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wherel; 3is3  3identity matrix.

G=1l3 3+

3 The basicidea of the new method

3.1 A simple geometricobsewation

Givenacircle asillustratedin Figurel, we will try to reach
the centerO of circle from anarbitrarypoint P insidethe
circle. Firstdraw anarbitraryline throughthe point P, take
the midpoint P; of the chordgeneratedy theline. Then,
do the sameby drawing anotherarbitraryline throughthe
point P1, andtake the midpoint P, of the chordgenerated
by thenew line. It isimmediateto obsere that

JOP2j < JOP4j:

The point P, is alwayscloserto the centerO thanthe pre-
vious point P;. Continuingthis constructionresultsin a
sequencegointsthat strictly corverge at the centerof the
circle aslongaseachtime adifferentline is dravn. In other
words,thecenterof thecircleis alwaysin astrictly decreas-
ing corvex areaformedby all thechords.

Figure 1: Constructionof a sequencef pointsPq, Py, ...
strictly corvergentto the centerof the circle from arny point
P.

This constructioris for acirclein a Euclidearspacewe
needto move this constructioninto conicsin a projectie
plane.

3.2 Construction of the image of the mid-
point

For our patternof a pair of concentriccircles,its imageis a
pairof conics.Thegoalis to constructheimageof thecen-
ter of circlesfrom theobsenrationof the pair of conics.The
key is to translatethe Euclideanconceptof the midpointof
agivenseggmentinto a projective notionof harmonicconju-
gatethatcouldbe determinedy a pair of conics.

In spacefor a pair of concentriccircles,aline cutsit in
thetwo pointsA, A° of the outercircle, andthe two points
B, BCof theinnercircle. Therearetwo midpointsof seg-
mentsof AA®andBB? the nite midpointP andthein-

nite pointQ ontheline atin nity asillustratedin Figure
2. In projective termsof cross-ratiosP andQ arethein-
ternaland external harmonicdivision of the sggmentAA©
andB B9, andthey arecalledtheharmonicconjugatepoints
with respecto eachpair of pointson eachcircle:

fA;A%P;Qg=fB;B%P;Qg= 1L (1)

Now projectthis pair of concentriccirclesontoanimage
planeasshovn in Figure3. Sincethe harmonicdivisionis
projectve invariantthatis preseredin theimage,i.e. we
still have two equations

faalpiag=fb;b%piag= 1 &)

wherea, & b andb®aretheimageof theintersectiorpoints
A, AC B, andB °thataremeasurablén theimage,thetwo



Figure2: The geometryof the midpointsof concentriccir-
clesin space.

equationgresulta quadraticequationwhosetwo solutions
arethe pair of pointsp andg. In imagespacewe know the
insidecorvex setsof the sggmentaad, we thereforechoose
themidpointp form thesolutionpairto bethatis insidethe
segmentaa’.

Image

Figure3: The constructiorof the imageof the midpointin
animageplane

3.3 Construction of the imageof center of cir-
cles

With this constructiormethodof theimageof the midpoint
from apairof conics,we could,from anarbitrarypointp on
the plane,constructa sequencef pointsrapidly approach-
ing the image of the centerof circles: From an arbitrary
point,draw aline, gettheintersectiorpointswith theconics
andconstructheimageof themidpointp, by theharmonic
ratio, thendraw anotheiine from p; andcontinue.
Thesequencef pointsp; strictly corvergesto theimage

of the centerof thecirclesasbackin spacewe have

jOP1j > jOP2j > j > jOP; 41j > jOP;j:

4 Detectionby construction

Armedwith this constructiortool of theimageof the mid-
pointandtheimageof the centerof circle, we describenow
this constructioris combinedwith animagepoint detector
to achieve anautomatiadetectionapproach.

Making starting points In principal,we canstartfrom a
randompoint in the imageplaneanddrav a randomline
throughit. We couldachiese our constructiorif therandom
line intersectghe pair of conics. Otherwise anotherpoint
or anothelline is randomlygenerated.

Our currentstratayy is to usesome'seed'pointsto start
theconstructiorprocedureTheseecdpointsaredravn from
aregular squaregrid on the image. The grid sizeis deter
minedby thesizeof thepatternsothatatleastonegrid point
is falling inside eachpatternfor easeof construction.One
exampleis givenin Figure4. For therandomgeneratiorof
lines, we just alternatiely take the horizontalandvertical
lines,whichis bothcorvenientandef cient.
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Figure4: A calibrationpatternin asceneandthegrid points
markedas'+' thatareusedasseedpointsto startthe con-
structionprocedure A verticalline in white is dravn from
aseedpoint.

Detectingfeature pointsin 1D images Theadwantageof
theapproacHiesin thatwe do notneedto pre-detectorner
pointsor whatever edgepointsatthebeginning. Our opera-
tionsarerestrictedto a line, sowe cantake all pixelsalong
that line to form our 1D imageasillustratedin Figure5.
Then,it is only necessaryo detect4 point featuresbeside



'seed'point from this 1D image. This is far moreef cient,
accurateandrobustcomparedo usinga usual2D edgede-
tector Theimageline is convolutedwith a derivative of 1D
Gaussiarkernel[12]. Theedgepointsarethelocal maxima
of the convolutedsignalabove athreshold.

Gray Value

Figure5: The4 featurepointsaretheedgepointsbesidethe

'seed'point of this 1D signalandcould be easilydetected.

Notethatwe neednt to searchthewholeline.

Checking the setof points by invariant  For the current
pointp; , andthecurrentline, the neares® pointson the
line on eachsideof the currentpoint areselectedo form a
setof 4 orderedpoints. The harmonicconjugate pointsp;

andq; areconstructedrom the 4 points. Thenwe de ne
thecrossratio

i = fbY; & py; 00 ©)

If the setof 4 orderedpoints are indeedthe intersection
pointswith the pair of conics,its associateaross-ratio ;
formsastrictly increasingsequence:

1 < < 1< ;i< = —

and corvergesto the ratio of the radii of the circles. This
is dueto thefactthatthe correspondinghordon thecircle
is strictly increasingto reachthe diameterof the circle as
themidpointof thechordis approachingo the centerof the
circle.

By trackingthis cross-ratioduring the constructionthe
startingpointsthatarenotfalling insidetheinnerconicarea
will beeliminated.

At the end,this procedurenot only constructgheimage
of the centero of the circles, but alsodetectsthe pointsg;
of thevanishingline |; , andthepointsa;, aiO andb; andbiO
onthetwo conics.

5 Identi cation by invariant

Mostpoint-basedalibrationmethodsannotautomatically
identify the imagecornerpointsto the points of the cali-

brationpatternin space Interactve manipulations aways
necessaryfor instancejt is necessaryo interactvely mark
up 4 pointsfor plane-basedalibrationmethodq21, 19.

The con guration of a pair of concentriccirclesis pro-
jected onto a pair of conics. It is well-known [14] that
there are two projectie invariants TraceC, 'C,) and
Tracg(C, 'C;) associatedwith a pair of conics. It is
straightforvard to seethat thesetwo invariantsare equiv-
alentfor a pair of concentriccirclesasit resultsin a degen-
eratecon gurationthatthey areintersectingontoarepeated
pair of pointsinsteadof 4 independenpoints.

We canusethis invariantin its algebraicform, but more
simply, this invariantis equialentto the following cross-
ratio

= tb%a’%0;pg = fb;a;0;pg = :—1; 4
2
whereo is theimagedcircle centera andb aretheintersec-
tion pointsof aline througho with the circles,andp is the
vanishingpoint of thatline. We preferusingthis cross-ratio
asit is straightforvardandthe quantitieso andp arealready
availableby our constructiormethod.

This independentprojective invariant is sufcient to
uniquelyidentify a pair of concentriccirclesprovided that
theradii ratio differ.

6 Optimal Location by homological
constraints

Image

Figure 6: Optimal and consistentestimationof a pair of
conicsbeingimageof a pair of concentriccircles.

Usually, eachconic of the pair is to be determinednde-
pendently however this may resultin a pair of conicsthat
is not consistentvith the imageof a pair of concentriccir-
cles. For instance a pair of conicsfrom a pair of concen-
tric circlesshouldstill intersectonly in a repeatecpair of



pointslike a pair of concentriccircles(they intersectin the
repeatedair of circular points)asthis incidenceproperty
is preseredby the projection.

Herein additionto all pointsof eachconicat our dispo-
sition, all pointson thevanishingline, andtheimageof the
centerof circlesarealreadyavailable. We will take adwan-
tageof intrinsic constraintgo optimizethe location of all
thesggeometriquantitiesconsistentlyandmoreaccurately
whichis alsothekey to theaccuray of the nal calibration
results.

It is knowvn andeasyto seethatthereexists a homolog-
ical relationshipbetweenpoints of the two conics[17, 8].
Previous researcherslid not exploit this geometriccon-
straintfor estimationpurpose.

A line throughtheimageof the centerof circleso anda
pointg onthevanishinginel; intersectghepairof conics
in two pointsa andb on the sameside of the imageof the
centerof circles. The pointsa andb satisfy a homology
G, b = Ga, with its x ed line beingthe vanishingline
[; andits x ed point theimageof the centerof circleso.
Thereforethetwo conicsarerelatedby thehomologyas:

C;=G 'c,G % (5)

The homologycanbe parameterizel 6, 8] by its x ed
line, x edpointanda cross-ratio:

oly T_
0T|1 '

G=1l3 3+ (6)
wherels 3is3 3identity matrix.

The pole-polarrelationship[17] betweenthe image of
thecenterof circleso andthevanishingline |; with respect
to theouterconicCy

|1 = C]_O; (7)

still holds.

Equationsb, 6 and7 arethe intrinsic constrainton the
redundantconics,imageof centerandthe vanishingline.
For apairof constraineaonics,it canbe minimally param-
eterizedby 7 parameterdpr instancewe canchoosehe5
parameter®f the outer conic andthe 2 parameter®f the
vanishingline asthe pole-polarrelationshipcould be sub-
stitutedinto thehomologyto minimize

X
f(Cili )= d*@Cy) + d*(b;Cy)

whereC, is parameterizedby C; andl; . It canbe eas-
ily solvedusingLevenbeg-Marquartalgorithmeitherfor a
realdistanceor anapproximatalistanceunction[1] asthe
initial estimatesrealreadyvery good.

For all pairsof constrainedonicsavailablein animage,
thevanishingine is commorto all pairs,soeachpairis just
parameterizetly oneof the conics,we canminimize

X
fi(Ci; 1)

overthe numberof the pairsof conics.

Theplanarhomograph is estimatedrom thecorrespon-
dencesof the pair of circular pointsandthe centersof cir-
cles.In imageplane,eachimageof the centerof theconics
is determinedasthe pole of the vanishingline with respect
to eachconic.

Oncewe obtainedan optimizedsolutionsto the image
of thecircularpointsandthe homograpl, theintrinsic and
extrinsic parametersare extractedin the sameway asthe
plane-basedhethod[21, 18] andall camergparametergre
globally optimizedusingMaximum Lik elihood Estimation
method.

7. Method outline

Now we candescribethe completecalibrationprocedure.

1. Preparation of the patterns Preparea planarpattern
of pairsof concentriccircles. Thepositionof thecircle
centerandthe radiusof eachcircle is known. At least
two pairsarenecessarytake imagesof this planarpat-
tern, at least3 imagesarenecessaryThis is the only
manualpartof thecalibration.After this, thefollowing
stepsarecompletelyautomated.

2. Detectionand identi cation of pattern features

(a) Generatehe seedpointsin the image planeby
drawing a regular squaregrid. The size of the
grid is x ed anddependon the smallestareaof
theimageof the innercircle maybe occurredin
practice. Sothatthereis at leastonegrid point
falling insidethe ary imagedpair of concentric
circles.

(b) Start the constructionmethod from each seed
point, and eachseedpoint is to be either dis-
cardedif it is outsidethe inner conicsor con-
vergedto the positionof the imageof the circle
center

(c) Eachpair of conicsis identi ed by its uniquein-
variantcross-ratio.

3. Location optimization

(a) Optimizethe geometryof eachpair of conicsus-
ing ahomology-basedhinimal parametrization.

(b) Optimizeall pairsof conicsandthehomograpk
betweertheimageplaneandthe calibrationpat-
tern.

4. Extraction of intrinsic and extrinsic parameters
The parametersire extractedfrom the circular points
and the homograpl as proposedin previous plane-
basedcalibrationmethod[21, 18].
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Figure7: Differentstepsof the constructiorof theimageof

thecenterof the circlesfrom a pair of conicswith simulated
data. The constructedmagesof the midpointsaremarked

with a square. The point in diamondshapeis the starting
point.

8. Experimental results

The methodhasbeenimplementedandtestedon both sim-
ulatedandreal imagedata. The whole systemwill be put
into public domain. As we have stressedhat hereit does
not make senseto comparewith othercalibrationmethods
asthey areall geometricallyequivalent. We aresolvingtwo
problemsof practicalimportancefor calibration: the au-
tomatic detectionof featuresvs. userinteractionandthe
accurateestimateof thefeaturesn image.

We have rst setup a simulatedexperimentto validate
our approachasillustratedin Figure7. About5 stepsthe
procedurecorvergesto theimageof the centerof circlesup
to pixel accurag.

It should be noted from Figure 7 that the image of
the centerof circles DOES NOT the centerof the conics
and cannotbe detectedusing the generalmomentbased
methods[7 10]. Heikkila and Silven[1( useda recursve
procedurewith the cameraparametergo correctthe bias
betweenthe imagedcenterof circlesand centerof conics
afterknowing thelatter positions.However, in our method,
we candirectly locatethe positionsof imagedcenterof cir-
cleswithout consideringhe camergparameters.

We thendid realexperimentgo showv therobustnesand
accurag of the detection. The seedpointsin imagesare
marked with '+'. If a seedpoint doescorverge to the po-
sition of theimagedcircle centerit is dravn asa diamond
markerandthepositionof thecenterasa' ' marker. When
morethanonepair of concentriccirclesis presentit isiden-
tied by a numericallabel at the center Figure 8 shovs
threeimagesof an experimentof a patternof one pair of
concentriccirclesunderdifferentposesandbackgroundsit

shavs thatevery seedpointinsidethe conicsdoescorverge
to the centerwhile all otherseedpointsaresoondiscarded
dueto its divergeng.

Figure9 shawvs oneexperimentof a patternof 6 pairsof
concentriccircles. The imagedcircle centersare success-
fully locatedandidenti ed. The ratiosof innerandouter
radii variesfrom 0.50to 0.75with a intenal of 0.05. The
experimentresultsshawv thattheabsoluteerrorsof theratios
arelessthan0.005.

Figure10 shavs oneexperimentof a patternof 12 pairs
of concentriccircleswith a toy onit. This shavs thatour
methodis very ef cient atdetectingacompletepair of con-
centriccircles, however it doesnot detectary pair thatis
evenpartially occluded.Thisdoesnotlimits our methodfor
the calibrationtaskandit canbeimproved later This ex-
perimentincludesl9imagesandtheseémagesarecaptured
from differentpositionsrelatedto the patternwith x edin-
trinsic parameters.Combiningour featuredetectionwith
Zhangs [21] calibrationmethod,we getthe cameramatri-
cesrelatedto thesel9 images. Thesematricesare used
to createthe visual hull [2, 15] of the toy in orderto ver-
ify the calibrationresults.Views of the 3D modelwith the
cameraspositionsandthe patternareshovn in Figure11.
The interestedreadercan also integrateour featuredetec-
tion with Heikkila's [9] or other well studiedcalibration
methods.

9. Conclusion

In this paper we presentan automaticcalibrationmethod
thatmalesthe calibrationtaskpracticalasall detectionjo-
cationandidenti cation of patternfeaturesarefully auto-
matic. The proposedpatternis a planarone with variable
numberof pairsof concentriccircles. Thekey is theintro-
duction of a simple constructve geometricmethodto ap-
proximatethe imageof the circle centerfrom an arbitrary
point. We hopethatmethodcanbe easilyusedby ary lay-
manto easilycalibratehis camera.
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Figure10: 3 imagesof oneimagesequenceavith x edinternalparametersisedfor a 3D reconstruction.

Figurell: Reconstructiomesultsof thetoy with the camergposesandpattern.



