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Abstract

The geometryof plane-basedcalibration methodsis well
understood,but someuser interaction is often neededin
practicefor feature detection. This paperpresentsa fully
automaticcalibration systemthat usespatternsof pairs of
concentriccircles.Thekey observationis to introducea ge-
ometricmethodthatconstructsa sequenceof pointsstrictly
convergent to the image of the circle centerfrom an arbi-
trary point. Themethodautomaticallydetectsthepointsof
the patternfeaturesby the constructionmethod,and iden-
tify themby invariants.It thentakesadvantageof homolog-
ical constraints to consistentlyand optimally estimatethe
featuresin theimage. Theexperimentsdemonstratethero-
bustnessandtheaccuracyof thenew method.

Keywords: cameracalibration,concentriccircles,cross
ratio,homologicalconstraint.

1. Intr oduction
Using planarpatterns[21, 18, 19] for cameracalibration
is popularfor its practicalconvenience. Suchcalibration
methodsconsistof threemajor steps:detectionand loca-
tion of patternfeaturesin image,identi�cation of features
with the known calibrationpatternin space,andthe com-
putationof cameraparametersusingthefeaturecorrespon-
dences.Differentplanarpatternsareintroduced,e.g. grid
pattern[21, 18, 19], circular pattern[9, 3, 11, 6, 20] and
somemixedpattern[13]. However, mostof theworkshave
beenconcentratedon the geometricaspect,i.e. deriving
new constraintfor the computationof cameraparameters.
Thebottleneckof automaticdetectionandidenti�cation of
the featuresfor thepracticeof calibrationhasnot beenput
suf�cient efforts.

Featureson a planarpatternareusuallydetectedby cor-
nersdetectionalgorithm(Harrisoperatoretc.) or edgede-
tectionalgorithm(Canny operatoretc.) or lines or conics
detectionalgorithm(HoughTransformetc.)or theircombi-
nations.All thesemethodsareoftentime-consuming,more
importantly, theidenti�cation of theimagefeatureswith the
known patternfeaturesin spaceis dif�cult, andoftensome

degreesof userinteractionis required.This is particularly
true for point featureseven many ad hoc correspondence
methodshavebeendevelopedfor speci�cally designedpat-
terns[13]. A goodpatternfor calibrationshould�rst pro-
vide suf�cient geometricconstraints,thenshouldbeeasily
detectableandidenti�able.

We will useplanarpatternof pairsof concentriccircles
to developour approachin this paperasthis patternis ge-
ometricallyricher thanpoint-like features.Somegeomet-
ric propertiesof suchpatternhave beenintroducedanddis-
cussedby researchers[11, 6, 20], but theirgeometricderiva-
tion could have beenmuchsimpli�ed by usingthe simple
fact that the imageof a pair of concentriccircle intersects
at a repeatedpair of points,theimageof thecircularpoints
[8]. Moreover, thesepapershaveusedtheHoughTransform
basedmethodto detecttheconicsthataretheimagesof the
circleswithout consideringthe intrinsic specialgeometric
propertiesof thepattern.Thesepapersalsodo not consider
theimportantfeatureidenti�cation issue.

Thispaperis notaboutnew geometryfor calibration,in-
stead,wewill introducein Section3aninterestingconstruc-
tive geometricmethodthatonepoint approachesthecenter
of circle in a convergencemanner. We will usethis con-
structiontool to lay down a uni�ed methodwith detection,
locationandidenti�cation of thesepatternsin an imagein
Section4 andSection5. Section6 presentsthe homolog-
ical constraintsto obtainoptimalandconsistentestimation
of imagefeatures.

Themaincontributionsmaybesummarizedasfollows:

� It introducesa constructive methodfor the imageof
thecenterof thecirclesfrom apairof conics.

� It automaticallydetectand identify the imagepoints
with the calibrationpatternsin a robust andef�cient
manner.

� It enforcesthe homologicalconstraintsfor consistent
andoptimallocationof thepatternfeatures.

� It presentsa completesystemof practicaland auto-
maticcalibrationmethod.
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Themethodwill besummarizedin Section7 andexper-
imentedin Section8. A shortconclusionis given in Sec-
tion 9.

2. Basicnotations
Throughoutthepaper, a scalaror a geometricobjectis de-
notedby a normal letter, while a row vector is by a small
caseletterin bold,andamatrixby acapitalletterin bold.

Camera Model A camerais alwaysmodelledby a per-
spective projection [5, 8]. The projectionmay be repre-
sentedbya3� 4projectionmatrixPsuchthatP = K [ R j t];
whereR, a 3 � 3 rotationmatrix andt, a 3 � 1 translation
vector, areextrinsicparametersand

K =

2

4
af s u0

0 f v0

0 0 1

3

5 ;

is intrinsic parametersmatrix. The imageof the absolute
conic! is by de�nition �! = (KK T ) � 1.

Harmonic conjugate points Given collinear points A,
A0, P and Q, the points A and A0 are harmonic con-
jugate points with respectto P and Q if the crossratio
f A; A0; P; Qg = � 1; (cf. [17]). Thereis animportantspe-
cial casewhenP andQ dividesegmentAA 0 internallyand
externally in theratio 1 : 1. In this caseP is themidpoint
andQ is thepointat in�nity on theline.

Homology A homology [17, 8] is a specialprojective
transformationthat arisesin somespecialimaging situa-
tions [4]. It canbeparameterized[16, 8] by a line of �x ed
pointsl (axis),a �x edpointnoton theaxisv (vertex), anda
scalarfactor� , its characteristicratio.

G = I3� 3 + �
v lT

vT l
;

whereI3� 3 is 3 � 3 identitymatrix.

3 The basicideaof the newmethod

3.1 A simplegeometricobservation

Givenacircleasillustratedin Figure1, wewill try to reach
the centerO of circle from an arbitrarypoint P insidethe
circle. Firstdraw anarbitraryline throughthepointP, take
the midpoint P1 of the chordgeneratedby the line. Then,
do the sameby drawing anotherarbitraryline throughthe
point P1, andtake themidpointP2 of thechordgenerated
by thenew line. It is immediateto observe that

jOP2j < jOP1j:

Thepoint P2 is alwayscloserto thecenterO thanthepre-
vious point P1. Continuingthis constructionresultsin a
sequencepoints that strictly converge at the centerof the
circleaslongaseachtimeadifferentline is drawn. In other
words,thecenterof thecircleis alwaysin astrictly decreas-
ing convex areaformedby all thechords.

O

P1

P2

P

Figure1: Constructionof a sequenceof pointsP1, P2, ...
strictly convergentto thecenterof thecircle from any point
P.

Thisconstructionis for acircle in aEuclideanspace,we
needto move this constructioninto conicsin a projective
plane.

3.2 Construction of the image of the mid-
point

For our patternof a pair of concentriccircles,its imageis a
pairof conics.Thegoalis to constructtheimageof thecen-
terof circlesfrom theobservationof thepairof conics.The
key is to translatetheEuclideanconceptof themidpointof
agivensegmentinto aprojectivenotionof harmonicconju-
gatethatcouldbedeterminedby apairof conics.

In space,for a pair of concentriccircles,a line cutsit in
thetwo pointsA, A0 of theoutercircle, andthetwo points
B , B 0 of the innercircle. Therearetwo midpointsof seg-
mentsof AA 0 andB B 0: the �nite midpoint P andthe in-
�nite point Q on the line at in�nity asillustratedin Figure
2. In projective termsof cross-ratios,P andQ arethe in-
ternalandexternalharmonicdivision of the segmentAA 0

andB B 0, andthey arecalledtheharmonicconjugatepoints
with respectto eachpairof pointsoneachcircle:

f A; A0; P; Qg = f B ; B 0; P; Qg = � 1: (1)

Now projectthispairof concentriccirclesontoanimage
planeasshown in Figure3. Sincetheharmonicdivision is
projective invariantthat is preserved in the image,i.e. we
still have two equations

f a; a0; p; qg = f b; b0; p; qg = � 1; (2)

wherea, a0, b andb0aretheimageof theintersectionpoints
A, A0, B , andB 0 thataremeasurablein theimage,thetwo
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Figure2: Thegeometryof themidpointsof concentriccir-
clesin space.

equationsresulta quadraticequationwhosetwo solutions
arethepairof pointsp andq. In imagespace,weknow the
insideconvex setsof thesegmentaa0, we thereforechoose
themidpointp form thesolutionpair to bethatis insidethe
segmentaa0.
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Figure3: Theconstructionof the imageof themidpoint in
animageplane

3.3 Construction of the imageof centerof cir-
cles

With thisconstructionmethodof theimageof themidpoint
from apairof conics,wecould,from anarbitrarypointp on
theplane,constructa sequenceof pointsrapidly approach-
ing the imageof the centerof circles: From an arbitrary
point,draw aline,gettheintersectionpointswith theconics
andconstructtheimageof themidpointp1 by theharmonic
ratio, thendraw anotherline from p1 andcontinue.

Thesequenceof pointspi strictly convergesto theimage

of thecenterof thecirclesasbackin space,wehave

jOP1j > jOP2j > j � �� > jOPi � 1j > jOPi j:

4 Detectionby construction

Armedwith this constructiontool of the imageof themid-
pointandtheimageof thecenterof circle,wedescribehow
this constructionis combinedwith an imagepoint detector
to achieve anautomaticdetectionapproach.

Making starting points In principal,we canstartfrom a
randompoint in the imageplaneanddraw a randomline
throughit. Wecouldachieveourconstructionif therandom
line intersectsthepair of conics. Otherwise,anotherpoint
or anotherline is randomlygenerated.

Our currentstrategy is to usesome'seed'pointsto start
theconstructionprocedure.Theseedpointsaredrawn from
a regular squaregrid on the image. The grid sizeis deter-
minedby thesizeof thepatternsothatatleastonegridpoint
is falling insideeachpatternfor easeof construction.One
exampleis givenin Figure4. For therandomgenerationof
lines, we just alternatively take the horizontalandvertical
lines,which is bothconvenientandef�cient.
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Figure4: A calibrationpatternin asceneandthegrid points
markedas'+' thatareusedasseedpointsto startthecon-
structionprocedure.A vertical line in white is drawn from
aseedpoint.

Detectingfeaturepoints in 1D images Theadvantageof
theapproachlies in thatwedonotneedto pre-detectcorner
pointsor whateveredgepointsat thebeginning.Ouropera-
tionsarerestrictedto a line, sowe cantake all pixelsalong
that line to form our 1D imageas illustratedin Figure 5.
Then,it is only necessaryto detect4 point featuresbeside
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'seed'point from this 1D image.This is far moreef�cient,
accurateandrobustcomparedto usinga usual2D edgede-
tector. Theimageline is convolutedwith aderivativeof 1D
Gaussiankernel[12]. Theedgepointsarethelocalmaxima
of theconvolutedsignalabove a threshold.
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Figure5: The4 featurepointsaretheedgepointsbesidethe
'seed'point of this 1D signalandcouldbeeasilydetected.
Notethatweneedn't to searchthewholeline.

Checking the setof points by invariant For thecurrent
point pi � 1 andthecurrentline, thenearest2 pointson the
line on eachsideof thecurrentpoint areselectedto form a
setof 4 orderedpoints. The harmonicconjugatepointspi
andqi areconstructedfrom the 4 points. Thenwe de�ne
thecrossratio

� i = f b0
i ; a0

i ; pi ; qi g: (3)

If the set of 4 orderedpoints are indeedthe intersection
pointswith the pair of conics,its associatedcross-ratio� i

formsastrictly increasingsequence:

� 1 < � � � < � i � 1 < � i < � � � =
r 1

r 2
;

andconvergesto the ratio of the radii of the circles. This
is dueto thefact thatthecorrespondingchordon thecircle
is strictly increasingto reachthe diameterof the circle as
themidpointof thechordis approachingto thecenterof the
circle.

By trackingthis cross-ratioduring theconstruction,the
startingpointsthatarenot falling insidetheinnerconicarea
will beeliminated.

At theend,this procedurenot only constructstheimage
of thecentero of thecircles,but alsodetectsthepointsqi
of thevanishingline l1 , andthepointsai , a0

i andbi andb0
i

on thetwo conics.

5 Identi�cation by invariant

Mostpoint-basedcalibrationmethodscannotautomatically
identify the imagecornerpoints to the points of the cali-
brationpatternin space.Interactive manipulationis always
necessary, for instance,it is necessaryto interactively mark
up4 pointsfor plane-basedcalibrationmethods[21, 18].

The con�guration of a pair of concentriccirclesis pro-
jected onto a pair of conics. It is well-known [14] that
there are two projective invariants Tr ace(C� 1

1 C2) and
Tr ace(C� 1

2 C1) associatedwith a pair of conics. It is
straightforward to seethat thesetwo invariantsareequiv-
alentfor a pair of concentriccirclesasit resultsin a degen-
eratecon�gurationthatthey areintersectingontoarepeated
pairof pointsinsteadof 4 independentpoints.

We canusethis invariantin its algebraicform, but more
simply, this invariant is equivalent to the following cross-
ratio

� = f b0; a0; o; pg = f b; a; o; pg =
r 1

r 2
; (4)

whereo is theimagedcirclecenter, a andb aretheintersec-
tion pointsof a line througho with thecircles,andp is the
vanishingpointof thatline. Wepreferusingthiscross-ratio
asit is straightforwardandthequantitieso andp arealready
availableby ourconstructionmethod.

This independentprojective invariant is suf�cient to
uniquelyidentify a pair of concentriccirclesprovided that
theradii ratiodiffer.

6 Optimal Location by homological
constraints
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Figure 6: Optimal and consistentestimationof a pair of
conicsbeingimageof apairof concentriccircles.

Usually, eachconicof thepair is to bedeterminedinde-
pendently, however this may result in a pair of conicsthat
is not consistentwith the imageof a pair of concentriccir-
cles. For instance,a pair of conicsfrom a pair of concen-
tric circlesshouldstill intersectonly in a repeatedpair of
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pointslike a pair of concentriccircles(they intersectin the
repeatedpair of circular points)asthis incidenceproperty
is preservedby theprojection.

Herein additionto all pointsof eachconicat our dispo-
sition,all pointson thevanishingline, andtheimageof the
centerof circlesarealreadyavailable. We will take advan-
tageof intrinsic constraintsto optimizethe locationof all
thesegeometricquantitiesconsistentlyandmoreaccurately,
which is alsothekey to theaccuracy of the�nal calibration
results.

It is known andeasyto seethat thereexistsa homolog-
ical relationshipbetweenpointsof the two conics[17, 8].
Previous researchersdid not exploit this geometriccon-
straintfor estimationpurpose.

A line throughtheimageof thecenterof circleso anda
pointq onthevanishingline l1 intersectsthepairof conics
in two pointsa andb on thesamesideof the imageof the
centerof circles. The points a and b satisfy a homology
G, � b = Ga, with its �x ed line being the vanishingline
l1 andits �x ed point the imageof the centerof circleso.
Therefore,thetwo conicsarerelatedby thehomologyas:

� C2 = G� T C1G� 1: (5)

Thehomologycanbeparameterized[16, 8] by its �x ed
line, �x edpointandacross-ratio:

G = I3� 3 + �
o l1 T

oT l1
; (6)

whereI3� 3 is 3 � 3 identitymatrix.
The pole-polarrelationship[17] betweenthe imageof

thecenterof circleso andthevanishingline l1 with respect
to theouterconicC1

� l1 = C1o; (7)

still holds.
Equations5, 6 and7 arethe intrinsic constraintson the

redundantconics,imageof centerand the vanishingline.
For apairof constrainedconics,it canbeminimally param-
eterizedby 7 parameters,for instance,we canchoosethe5
parametersof the outerconic andthe 2 parametersof the
vanishingline asthe pole-polarrelationshipcould be sub-
stitutedinto thehomologyto minimize

f (C1; l1 ) =
X

d2(a; C1) + d2(b; C2)

whereC2 is parameterizedby C1 and l1 . It canbe eas-
ily solvedusingLevenberg-Marquartalgorithmeitherfor a
realdistanceor anapproximatedistancefunction[1] asthe
initial estimatesarealreadyverygood.

For all pairsof constrainedconicsavailablein animage,
thevanishingline is commonto all pairs,soeachpair is just
parameterizedby oneof theconics,wecanminimize

X
f i (Ci ; l1 )

over thenumberof thepairsof conics.
Theplanarhomography is estimatedfrom thecorrespon-

dencesof thepair of circularpointsandthecentersof cir-
cles.In imageplane,eachimageof thecenterof theconics
is determinedasthepoleof thevanishingline with respect
to eachconic.

Oncewe obtainedan optimizedsolutionsto the image
of thecircularpointsandthehomography, theintrinsic and
extrinsic parametersareextractedin the sameway as the
plane-basedmethod[21, 18] andall cameraparametersare
globally optimizedusingMaximumLikelihoodEstimation
method.

7. Method outline
Now wecandescribethecompletecalibrationprocedure.

1. Preparation of the patterns Preparea planarpattern
of pairsof concentriccircles.Thepositionof thecircle
centerandtheradiusof eachcircle is known. At least
two pairsarenecessary, take imagesof thisplanarpat-
tern,at least3 imagesarenecessary. This is the only
manualpartof thecalibration.After this,thefollowing
stepsarecompletelyautomated.

2. Detectionand identi�cation of pattern features

(a) Generatethe seedpoints in the imageplaneby
drawing a regular squaregrid. The size of the
grid is �x ed anddependon the smallestareaof
the imageof the innercircle maybeoccurredin
practice. So that thereis at leastonegrid point
falling insidethe any imagedpair of concentric
circles.

(b) Start the constructionmethod from each seed
point, and eachseedpoint is to be either dis-
cardedif it is outsidethe inner conicsor con-
vergedto the positionof the imageof the circle
center.

(c) Eachpair of conicsis identi�ed by its uniquein-
variantcross-ratio.

3. Location optimization

(a) Optimizethegeometryof eachpairof conicsus-
ing ahomology-basedminimalparametrization.

(b) Optimizeall pairsof conicsandthehomography
betweentheimageplaneandthecalibrationpat-
tern.

4. Extraction of intrinsic and extrinsic parameters
The parametersareextractedfrom the circular points
and the homography as proposedin previous plane-
basedcalibrationmethod[21, 18].
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Figure7: Differentstepsof theconstructionof theimageof
thecenterof thecirclesfrom apairof conicswith simulated
data. Theconstructedimagesof themidpointsaremarked
with a square.The point in diamondshapeis the starting
point.

8. Experimental results
Themethodhasbeenimplementedandtestedon bothsim-
ulatedandreal imagedata. The whole systemwill be put
into public domain. As we have stressedthat hereit does
not make senseto comparewith othercalibrationmethods
asthey areall geometricallyequivalent.Wearesolvingtwo
problemsof practical importancefor calibration: the au-
tomatic detectionof featuresvs. userinteractionand the
accurateestimateof thefeaturesin image.

We have �rst setup a simulatedexperimentto validate
our approachasillustratedin Figure7. About 5 steps,the
procedureconvergesto theimageof thecenterof circlesup
to pixel accuracy.

It should be noted from Figure 7 that the image of
the centerof circles DOES NOT the centerof the conics
and cannotbe detectedusing the generalmomentbased
methods[7, 10]. Heikkilä andSilven[10] useda recursive
procedurewith the cameraparametersto correctthe bias
betweenthe imagedcenterof circlesandcenterof conics
afterknowing thelatterpositions.However, in our method,
wecandirectly locatethepositionsof imagedcenterof cir-
cleswithoutconsideringthecameraparameters.

Wethendid realexperimentsto show therobustnessand
accuracy of the detection. The seedpoints in imagesare
marked with '+'. If a seedpoint doesconverge to the po-
sition of the imagedcircle center, it is drawn asa diamond
markerandthepositionof thecenterasa' � ' marker. When
morethanonepairof concentriccirclesis present,it is iden-
ti�ed by a numericallabel at the center. Figure 8 shows
threeimagesof an experimentof a patternof onepair of
concentriccirclesunderdifferentposesandbackgrounds.It

showsthateveryseedpoint insidetheconicsdoesconverge
to thecenterwhile all otherseedpointsaresoondiscarded
dueto its divergency.

Figure9 shows oneexperimentof a patternof 6 pairsof
concentriccircles. The imagedcircle centersaresuccess-
fully locatedandidenti�ed. The ratiosof inner andouter
radii variesfrom 0.50to 0.75with a interval of 0.05. The
experimentresultsshow thattheabsoluteerrorsof theratios
arelessthan0.005.

Figure10 shows oneexperimentof a patternof 12 pairs
of concentriccircleswith a toy on it. This shows that our
methodis veryef�cient atdetectingacompletepairof con-
centriccircles,however it doesnot detectany pair that is
evenpartiallyoccluded.Thisdoesnot limits ourmethodfor
the calibrationtaskandit canbe improved later. This ex-
perimentincludes19images,andtheseimagesarecaptured
from differentpositionsrelatedto thepatternwith �x edin-
trinsic parameters.Combiningour featuredetectionwith
Zhang's [21] calibrationmethod,we get thecameramatri-
cesrelatedto these19 images. Thesematricesare used
to createthe visual hull [2, 15] of the toy in order to ver-
ify thecalibrationresults.Views of the3D modelwith the
cameras'positionsandthepatternareshown in Figure11.
The interestedreadercanalso integrateour featuredetec-
tion with Heikkilä's [9] or other well studiedcalibration
methods.

9. Conclusion
In this paper, we presentan automaticcalibrationmethod
thatmakesthecalibrationtaskpracticalasall detection,lo-
cationandidenti�cation of patternfeaturesarefully auto-
matic. The proposedpatternis a planaronewith variable
numberof pairsof concentriccircles. Thekey is the intro-
ductionof a simpleconstructive geometricmethodto ap-
proximatethe imageof the circle centerfrom an arbitrary
point. We hopethatmethodcanbeeasilyusedby any lay-
manto easilycalibratehiscamera.
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Figure11: Reconstructionresultsof thetoy with thecameraposesandpattern.
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