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Limit Theorems for Minimum-Weight Triangulations, Other Euclidean Functionals,
and Probabilistic Recurrence Relations
(Extended Abstract)

Mordecai J. Golin !

Abstract

Let MWT(n) be the weight of a minimum-weight triangu-
lation of n points chosen independently from the uniform

distribution over [0, 1)?. Previous work [11] has shown that
E(MWT(n)) = ©(/n).

In this paper we develop techniques for proving that
MWE‘ 2l actually converges to a constant in both expecta-
tion and in probability. An immediate consequence is the
development of an O(n?) time algorithm that finds a tri-
angulation whose competive ratio with the MWT is, in a
probabilistic sense, exactly one.

The techniques developed to prove the above results
are quite general and can also prove the convergence of
certain types of probabilistic recurrence equations and other
Euclidean Functionals. This is illustrated by using them to
prove the convergence of the weight of MWTs of random
points in higher dimensions and a sketch of how to use
them to prove the convergence of the degree probabilities
for Delaunay triangulations in R2.

Keywords: Euclidean Linear Functionals, Minimum

Weight Triangulations, Limit Theorems

1 Some background

Let S be a finite set of points in $2. A iriangulation of S
is a maximum collection of noncrossing edges connecting
points in S. This collection of edges partitions the
interior of the convex hull of S into a set of triangles
7. The wetght of triangulation 7 is the sum of the
lengths of the edges contained in 7. A Minimum-
Weight Triangulation of S is one that has has minumum
weight among all triangulations of S (Figure 1). We
will use MWT(S) to denote both the minimum-weight
triangulation and its associated weight; the precise
meaning of the notation will be obvious from context.
Finding MWT(S) is a difficult problem for which
an efficient solution is still unknown. The best triangu-
lations that can currently be found are at best approx-
imations to the minimal one. For this reason there is
interest in knowing exactly what is being approximated,
leading in turn to an interest in calculating the average
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Figure 1: A Minimum Weight Triangulation

cost of the MWT of random points.

It has previously [11] been shown that if 2;, z,, ...
are chosen independently and uniformly from the
unit square [0,1]> and S, = {zi,...,z,} then
E(MWT(S,)) = ©(/n).

This paper was motivated by a desire to prove
stronger convergence theorems for MWT(S,). Doing
so required developing new general tools for proving
the convergence of linear functionals that might be of
independent interest in themselves. More specifically
this paper contains the following results:

1. A demonstration of the existence of a constant ¢
such that —%—Sﬁl — ¢ in both expectation and

probability. (Section 2)

2. An algorithm that runs in O (n?) worst-case time
on S, to produce a triangulation PART(S,,) such

that E (PAR\/'}L: n > — ¢ where ¢ 1s the MWT

constant. (Section 2.1)

3. New conditions for proving the convergence of
Fuclidean Functionals (Section 3.2)

4. Illustration of the use of these new condi-
tions in proving convergence theorems for higher-
dimensional “triangulations” of random points in
[0, 1]9. (Section 3.3) 5points in [0, 1]2.
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5. An examination of the convergence of the solutions
of certain types of probabilistic recurrence relations
that arise quite often in geometric probability.
(Section 3.1)

Historically, there is a large literature in the applied-
probability community extending back at least to
Beardwood, Halton, and Hammersley {1] on how to
prove convergence of the type of geometric random vari-
ables known as Euclidean Fuctionals. These techniques
have been used to examine the asymptotic behavior of
a variety of geometric functionals ranging from Travel-
ling Salesmen Tours, to Minimum Spanning Trees, to
Matchings and beyond. Surveys of the current state of
the art in this type of analysis can be found in [14],
(17], and [13]. The existing techniques require that
the functionals obey certain growth conditions such as
monotonicity or continuily. For example, the Steiner-
Triangulation (ST) problem obeys a monotonicity con-
straint and ST :" can therefore be shown to converge
to a constant {15] where ST{(S) is the weight of the

minimum-weight Steiner triangulation of S. Similarly
the minimum-spanning tree can be shown to satisfy a

continuity type requirement and M—S—\'}‘-—é—s&l can therefore

be shown to converge to a constant [17] where M ST(.S)
is the weight of the minimum-spanning tree of S. The
Minimum-Weight triangulation, though, does not sat-
isfy the known conditions and therefore did not fit into
the known frameworks leaving the question of its con-
vergence as an open problem.

In this paper we describe a new technique that per-
mits loosening the continuity conditions enough to allow
proving convergence for MWTs. We should note that
our technique loosens the conditions substantially, al-
lowing proofs of convergence for other problems that
were previously unanalyzed. Nothing is free, though
and we end up paying for this loosening; our techniques
only permit proving convergence in the mean and prob-
ability while the older, more restrictive techniques also
permitted proving almost-sure convergence.

In the computer science community the literature
alluded to above is best known through its use by Karp
(7] [8] in the development of a heuristic for finding the
Travelling Salesman tour of S,, that, in a probabilistic
sense, had an approximation ratio of 1. In a similar
fashion we are able to use our proof of the existence

of ¢ > 0 such that of MW’E En
polynomial time algorithm for finding a triangulation

PART(S,) such that E (PAI\{/TE <bs ) — ¢ where ¢ is

the same constant. (It will even be possible to prove
PART(S,

— ¢ to develop a

the stronger result that — 1 in expectation

and probability but that would be beyond the scope of
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this extended abstract.) In a probabilistic sense, then,
this heuristic has an approximation ratio of 1 improving
upon the previously best known heuristics [10] [3] which
had only constant approximation ratios greater than I.

The paper is structured as follows: Section 2 proves
some structural properties of Minimum Weight Trian-
gulations (MWTs) and then states (without proof) a
convergence theorem for MWTs. It then describes how
the convergence theorem implies a triangulation heuris-
tic that, in a probabilistic sense, has an approximation
ratio of of one with the MW'T. Section 3 proves conver-
gence theorems for certain general types of probabilistic
recurrence relations and then describes applications, in-
cluding the proof of the MWT convergence theorem of
Section 2.

To conclude we point out that the techniques devel-
oped in this paper, at their core, reduce to the analysis
of the solutions to probablistic recurrence relations of a
certain type that occur quite naturally in the analysis of
many geometric problems. Analyzing these recurrence
relations goes part of the way towards resolving an open
problem posed by Karp in [9].

Note: In this extended abstract we omit the tech-
nicel details of the proofs of many of the theorems and
lemmas, conienting ourselves with only providing intu-
ition as to why they are correct.

2 The Minimum-Weight Triangulation

Let z1,22,23,... be points chosen independently from
the uniform distribution over the unit square [0, 1)? and
set S, = {z1, z2, ..., z,}. In this section we derive
some basic facts about MWT(S,,) that, taken together
with a general theorem about Euclidean Functionals
stated in the next section will imply

THEOREM 1. There exists a constant ¢ > 0 such
that %S—"l converges to ¢ in both expectation and

probability, 1.e.,

E(MW\'/I‘;ES,,)) .

and
MWT(S,)
v P —_— — 0.
€> 0, r (' T cl > c) 0
Furthermore
MWT(S,)
A —_ = 0.
V. R( Tn 0

The actual proof of Theorem 1 is deferred until the end
of section 3.2. We devote the rest of this section to
studying the MWT.
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LEMMA 2.1. Let S C [0,1)2 be any finite subset
with |S| = n and let S, be a random subset as described
above. Then

1. MWT(®) = 0 and MWT(S,) < n2.

2. For every a > 0, MWT(aS) = aMWT(S) where
aS={azx : x € S}.

3. For every z € R4 we have MWT(S+z) = MWT(S)
where S+z={y+z : ye S}

4. For m = 2 and m = 3 consider the partition
(@)i<mz of [0,1]% into m? equal sized squares.
Then

MWT(S) < Y MWT(SNQ:) + F(S).

i<m?
where

Pr (F(Sn) > In? n) = p~an)

5. EMMWT(Sn+1))
< E(MWT(S,)) +0 (122).

Proof The proofs of items 1, 2, and 3 are straight-
forward. To prove items 4 and 5 we will need to use
the fact that the “outside” of any triangulation of a set
S consists of exactly the edges on CH(S), the convex
hull of S (Figure 1). For this reason we will need some
well known facts concerning the convex hull of random
points:

LEMMA 2.2. The number of poinis on the convex
hull of Sy, satisfies E (|CH(Sp)]) = ©(lnn) and for any
fized k > 0, Pr (|CH(S,)| > k1n®n) = n=%nn),
Proof The expectation result comes from [12]. The
high probability bound does not seem to be written
down but can be proven using standard Chernoff-bound
texhniques. g

We now prove item 4 restricted to the case that
m = 2; the proof for the case m = 3 is almost exactly
the same. Note that one way of triangulating S 1s to
first construct MWT(S N Q;), for ¢ = 1,2,3,4, and
then add edges connecting points on the convex hulls of
the four sets until a full triangulation is found (Figure
2). The number of such edges added is bounded by
2 Zle {CH(SN Q)| while the length of each such edge
is at most /2. Since the weight of this triangulation
upperbounds the weight of MWT(S) we have shown
that

MWT(S) < > MWT(SNQ:) + F(S).
i<m?
where F(S) < 2v23i_, |CH(S N @Q;)|. The proof

of item 4 follows by using Lemma 2.2 to show that
Pr(|CH(SN Q)| > In? n/(8v/2)) = n=%nn),
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Figure 3: Illustrations for the proof of item 5. The point
p is added to a previously existing triangulation 7.

To prove item 5 assume for the moment that S,
along with an arbitrary triangulation 7 of S,, are
known (as with the MWT we will let context dictate
whether 7 is the actual triangulation or its weight). Let

Ti, T, ..., Ty be the triangles comprising 7 and set
C1, Cs, ..., Cp, to be the length of their corresponding
perimeters. Finally let z,4+1 be some point chosen

randomly from [0, 1}? and construct a triangulation 7"
of Sny1 = Sn U {zn+1} as follows:

o If 2,41 is outside CH(S,) add all edges not in-
tersecting CH(S,) that connect z,41 to points on
CH(S,). The total length of all edges added is at
most /2|CH(S,)| (left diagram in Figure 2).

o If 2,41 is inside CH(S,) let T; be the unique
triangle containing z,4; and draw the three edges
connecting 41 to the vertices of 7;.2 The total
length of all edges added is at most 3C; (right
diagram in Figure 2).

Now define the indicator random variables

-

1 zp41 outside CH(S,)
0 otherwise

and
L= 1 x4 inside triangle T;
t 0 otherwise
?We do not consider the zero-probability event of z,,41 falling

upon some edge of 7.
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Then
T' =T <V2Io - |CH(Sa)| +3 ) LC:i.

Notice that E (I;) = A; where A; = Area(T;). so
(21)E(T') - T < V2E(Io - |CH(Sa)|) + 3 _ A:Ci.

Recall, now that S; and S,4; are random point
sets so Lemma 2.2 implies that, with probability 1 —
n~¥n") we may assume that both [CH(S,)| < In®n
and |CH(Sn4+1)| < In® n. We now use a standard trick
from the analysis of randomized algorithms and notice
that I, = 1 if and only if 2,41 is on CH(Sn41)
which, because z,41 has the same distribution as a

random point from Sy, 41, occurs only with probability
]ﬂ{%‘-‘*—‘n Thus, from Lemma 2.2,

E(Io - |CH(S,)|) = O(In* n/n).

To analyze the second summand on the right hand
side of (2.1) we need the following lemma:

LEMMA 2.3. Let S,, be as defined above and let T
be any triangulation of S,,. then

2
Pr (3 triangle T € T, Area(T) > @;ﬁ) — p—9nn)

Proof For ¢ < j < k < n let T; ;  be the triangle with
vertices z;,zj, ¢y and A;;r = Area(T; ;). If T; ;1 is
in any triangulation it may not contain any points of
Sp in its interior. The probability of T; ; x having an
empty interior is (1 — A; ; £)"3. But, if A;;; > %,
then (1—A4; ;)" 3 = n~"") Summingover all ¢, 7, k
completes the proof.

Now note that every edge in the triangulation
can appear in at most two triangles so ). C; < 27.
Plugging this fact, along with the previous lemma, back
into (2.1) we find that, for any triangulation 7,

In*n 3In%n
< i
< 0( ” )+ - };c

(ln4n) 4 61n2n7_
n n

Now let 7 = MWT(S,). From [11] we know that
E(MWT(S,)) = ©(+/n). Plugging this into the above
equation and taking expectations yields

E(MWT(Sn41)) — E(MWT(S,.))
<E((MWT(S,))) — E(MWT(S,))

4 2 2
So(lnnn)+6h:l no(\/ﬁ)zo(ln n)

vn
completing the proof of Lemma 2.1

E(T)-T

IN

a
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2.1 A Heuristic Triangulation Algorithm

Let S C [0,1}2, S = n, and S, as described above.
In this section we describe an O(n2) worst case time
algorithm for finding a triangulation, PART(S), that,
in a probablistic sense, closely approximates MWT(S).
In fact, using the results of the previous subsection we
will sketch a proof that, if S,, is a set of n points chosen

randomly from the unit square, then E (PAR'ES Sng) -

c where c is exactly the constant in Theorem 1 (In reality
PART(S,
(5n
both expectation and probability but the proof of that
statement is beyond the scope of this paper).

To proceed we will need two basic facts. The first,
which follows from Theorem 1, is that for every € > 0
there exists N such that Yn > N, E(MWT(S,)) <
(c+€)yv/n. The second is the existence of a basic dynamic
programming algorithm for finding the MWT of n
points in O (n"*2) worst case time (see e.g., [4]). Thus,
the MWT of hi‘;:n points can be found in O(n) worst
case time.

Before defining PART(S) we introduce the idea of
a k-partition and a k-triangulation.

Given integer k > 0 the k-partition of [0,1])? is the
partition of the unit-square into 4% smaller squares Q:-‘,
i < 4%, each of which has area 1/4F. We denote by Q¥
J = 1,2,3,4 the four squares in the (k + 1)-partition
that combine to form Q.

Now, given S C [0,1)? and 7 C S x S, let Tgx be
the set of edges in 7 that fall totally within Q¥. We say
that 7 is a k-triangulation of S if (a) for all i < 4%
T is a triangulation of Q¥ N S, and (b) T = J; Tye.
A k-triangulation thus can be thought of as the union
of triangulations of the points in each of the 4% small
squares.

Suppose now that we are given some k-triangulation
7T, of S. This can be extended to a (k — 1)-triangulation
of S as follows: for each i < 4¥*~1 construct a triangu-
lation of QF~! by starting with the edges in Uo1Tgr-1

L3

one can go further and show that — 1 in

and adding arbitrary non-intersecting edges connecting
vertices in U;zICH (sn f]—l) until a triangulation is
formed. The total number of such edges added will be
at most 2 z;zl |CH (Sn Qf’]_ 1 l . Using standard tech-
niques one can show that the total number of opera-
tions required to extend a k triangulation to a (k — 1)-

triangulation is

O(logn) Z |CH (SN QF)| = O(nlogn).

i<4k

The total length of all edges added in this extension will
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be at most
(22) Ce=2"%"DV2) " |CH(SNQ})|.

i<4*

If $ = S, is a random point set as described above
then SN Q"] is binomially distributed with parameters

= 4% so if np > VInn Lemma 2.2 tells us that
E(]C’H (5N Q¥)|) = © (In (47*%n)) and thus E (Cx) =
O (2¥In (4-*n))

We can now describe our algorithm. Let [ =
[logs n — 1 log, logy nj. Construct an I-triangulation 7'
of S by tnangulatlng each set S N Q! separately as
follows: if |SNQ}| < 152 use a dynamic progra.mmmg
(or some brute force) algorithm to find MWT(SNQ!) in
O(n) time. Otherwise find the Delaunay triangulation
of SNQ} in O(|SNQ!) log n time. The total time needed
to construct this I-triangulation is O(n?).

Next iteratively construct a sequence 7% k =
i — 1,1 —2,...,0 of k-triangulations where TF% is
the k-triangulation created by extending the (k + 1)-
triangulation 7%*! using the procedure described pre-
viously. Set PART(S) = 7° By definition PART(S) is
a triangulation of S.

Since each extension step requires O(nlogn) time
the construction of all of the extensions uses O(n log? n)
time and thus the complete construction of PART(S)
requires O(n?) time.

We claim that Ve > 0, if n is large enough, then
E (PART(Sn)) < (¢ + €)3/n. Because the definition of ¢
requires that Ve > 0, E (PART(S,)) > (¢ — €)y/n for all

large enough n this will imply E (PARF{: Sn ) —c.
First note that the expected cost of all edges added

in the extension stage of the algorithm is

i !
Y E(Cy)=0 (Z 2¥In (4-’%)) = o(\/n)
k=0 k=0

and thus we only need to bound the expected weight of
the first stage of the algorithm.

Let X; = S, N QL This is a binomial random
variable with parameters n and p = 47! and thus
E(X:) ~ /loggn. Chernoff bound techniques prove
that Inlnn < X; < ]nn with probability 1 — O(n=3).
We may therefore assume that X; is within this range
(because its expected contribution to the weight of the
I-triangulation when it is out of the range is o(,/np)).
Thus, in our analysis we may assume that the algorithm
will construct MWT(S, N Q!). If n is large enough (so
that InInn is large enough) we have that

E(MWT(S, N Q) < (c+ E)E (vx:)
= (c+ SR +0(1)

Morpecai J. GoLIN

< (c+e)mp

Thus, for large enough n, the total expected cost of the
[~triangulation built will be at most

2I(c +€)ynp = (c+ vn
completing the analysis.

3 Convergence Theorems

In this section we prove a theorem implying the con-
vergence of many Euclidean functionals including the
MWT. Before doing so, though, we will have to prove
convergence theorems for a form of probabilistic recur-
rence relation that arises quite often (in a hidden form)
in the analyses of the functionals.

3.1 Basic Lemmas

DEFINITION 3.1. A sequence of positive reals ¢,
n =1,2,3,... s binomially bounded with parameter a
if there ezists some a € R such that ¢, = O(n®) and

(3.3) ¢n < E(éx) [1 +0 (ﬁ)] +0 (mln)

where X is a binomial random variable with parameters
n, p=1/a.

We emphasize here that the actual items in the se-
quence, the ¢,, are deterministic; the recurrence rela-
tion that they obey though, is probabilistic.

The first thing to notice about these sequences
is that they are bounded (the proof of the lemma is
omitted in this abstract):

LEmMMA 3.1. Let ¢,, n = 1,2,3,... be a binomi-
ally bounded sequence with parameter a > 1. Then
the sequence is bounded, i.e., there exisis ¢ such that
VYn, ¢, < e. Furthermore, for all n,

1
¢n$vn+0<l > )

n n

(3.4)

where v, = maxii_%kﬁ]nn &;.

If the sequence obeys a slightly more stringent
condition it can be shown that it is not only bounded
but that it also converges. It is this fact which forms

the basis for all of the other results in this paper.

THEOREM 2. Let ¢,, n = 1,2,3,... be a binomi-
ally bounded sequence for both parameter a > 1 and
parameter b > 1 where log, b is irrational. Furthermore
suppose that ¢, satisfies at least one of the following
two conditions:

1
(A)Vn, ¢ny1 < én + O (-\/m) ,
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1

(B)Vn¢n < ¢pny1 +0 (m) .
Then there exists ¢ > 0 such that im, o, ¢, = c.
Proof

The proof has two parts. Let € > 0. In the first
part of the proof we use conditions (A) or (B) to
prove the existence of an interval I such that VYn € [
|¢pn — ¢| < €/2. We then use the definition of binomially
bounded sequences to bootstrap this fact to show the
existence of N such that |¢, —c| < e for all n > N.

The actual proof will follow from two combinatorial
lemmas whose proofs will be omitted in this extended
abstract, These are:

LEMMA 3.2. Let I = [,y C R, 0 < =z < g, be
some closed interval a,b such that 1 < a < b with log, b
irrational. Then there exists N’ such that

o0 oQ o
V', 00) Cc |J U (a'¥) 1
j=0i=0
where ol = [az, ay].

LEMMA 3.3. Let ¢, n=1,2,3,... be a binomially
bounded sequence with bolth parameter ¢ > 1 and
parameter b> 1. Set a = 1_16/\/; + 1_17\73. Then there

ezxists N' > 0 such that the following statement is true
for all N > N': Let

dy =max{¢, : N<n<N+o/NInN}.
and
o 2a
In =[N+ gx/NlnN,N+ —?)—\/NlnN].
Then

Vi,j >0, V WY I <d — .
512U, ne(a ) N ¢n_ N+O(]nN)
(3.5)

We now proceed with the proof of the theorem:
Lemma 3.1 tells us that

c= lim inf ¢, < co.
M—00 N>m
For every N; > 0 and ¢ > 0 we can therefore find
Ny > Nj such that ¢n, < ¢ + ¢/2. If ¢,, satisfies
condition (A) set N = No; if it satisfies condition (B)
set N = No — ay/N3In Ny. In both cases the respective

conditions guarantee that if V; is chosen large enough
then

max{¢, : N<n<N+aVNInN}
< ¢+ 2¢/3.

dy =
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Pick N; large enough so that for ¥ > Nj in
equation (3.5) the O (1) term is less than ¢/3. Then
Lemma 3.3 implies that for the chosen N > Ni,

Vi,j >0, Vne(a't)Iy, ¢n.<c+e
Lemma 3.2 then implies the existence of an integer N’
such that, for all n > N, ¢, < ¢+ ¢. Thus

Iim sup ¢, < ¢+e¢= lim ;ﬁ" ¢n + e

m—00 n>m m—oonys2m
Since this is true for every ¢ > 0 it implies that

lim sup ¢, = lim inf

$o=c= lim ¢,
Mm—00 nsm m—oon>m n—oo

completing the proof of the theorem.

O

3.2 Convergence of Euclidean Functionals
Let L be a functional mapping finite subsets of R4
to positive reals. Also, let z,, s, 23, ... be a sequence of
points chosen independently from the uniform distribu-
tion over [0,1]? and set S, = {z;, ..., ,}. We define
certain conditions on L.
(A0) L(@) = 0. Furthermore, there exist constants a1,
a3, such that for every finite subset S C [0, 1],
|S| = n, we have L(S) < a1n®2.

(A1) There is some constant d’ such that for every
a > 0, and every finite subset S C R¢, L(aS) =
o L(S) where oS = {az : = € S}. The constant
d' is the scaling factor of L.

(A2) For every z € ®? and every finite subset S C R¢
we have L(S + ) = L(S) where S+z = {y+z :
y € S}.

(A3) For some integer m consider the partition
(@:)i<ma of [0,1]% into m? equal sized cubes. Let
S C [0,1)¢ be any finite subset. Then there exists
a functional F(S) such that

36)  LS) < Y LSNQ)+FS)
i<md
where
(d-d)/d
Pr | F(S) > E——z—— = p~fnn),
In“n

(A4) L satisfies one of the two following conditions

nld-d")/d
¥n E(L(Sn)) < E(L(Sn+1)) + O (m>
(3.7)
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p(d—d")/d
Va E(L(Sn+1)) S E(L(SR)) + O (\/_ln n)

(3.8)

We call any L that satsifies conditions (A0), (Al),
and (A2) a Euclidean Functional. Condition (A3) is
a subadditivity-like condition and (A4) a continuity-
one. (Note that if L is monotonically increasing then
L trivially satisfies the first condition of (A4).)For an
understanding of how these conditions compare to the
ones existing in the literature in both their definitions
and their consequences we refer the interested reader to
the complete version of this paper or to [17]. The main
result of this paper is

THEOREM 3. Let L be a Euclidean Functional that
satisfies condition (A4) for two different values m =
my, m = my such that ged(mi,m2) = 1, and that
also satisfies condition (A5). Then Je > 0 such that
—gi‘—)— — ¢ in both ezxpectation and probability, i.e.,

n(d—d’)/d

L(Sn)
B ()~
and
L(Sn)
Ve > 0, PI‘(W—C >€) — 0.
Furthermore
L(Sy)
VAR (m) — 0.
Proof In what follows we set
L(S,
H(n) = n(—d(_,;,% Bt = E(L(Sh)),
fn = e =E(H(n), 7 =E((L(5.))?)
T p(a-d')/d o " ’
and -
_ n — 2
‘Pn—m—E(H (n))

We first prove convergence in expectation by
showing that ¢, is a binomially bounded sequence
satisfying the conditions of Theorem 2. We then
prove convergence in probability by demonstrating that

VAR(H(n)) = (¢n—¢2) — 0 and applying Chebyshev’s
inequality.
Let m = m,. To prove that ¢, is a binomially

bounded sequence with parameter ¢ = m’d let S =5, in
(A3) and divide equation {3.6) by n(?=4)/4 Then take
expectations to find that

¥n md-¢
n(a‘—a")/d E (¢X) +0

np(d—djd —

1
In? n\/ﬁ)
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where X is a binomially distributed random variable
with parameters n and p = m~%; to derive this equa-
tion we used conditions (Al) and (A2) to show that
E(L(SnNQ;)) = m—l—drE (L{Sx)). Standard Chernoff
bounding techniques [6] show that 3 = 1+ O (1—5%-;)
with probability 1 — n=n7} Therefore

® (xacm) [0 (7))
+0 (lnln>
E (¢n) [1 +0 (1}%;)] +0 (Ei—n)

S0 ¢>n is a binomially bounded sequence with parameter
a = mf. A similar argument shows that it is also
a binomially bounded sequence with parameter b =
m$. Because gcd(my,my) = 1 we also have log, b is
irrational. Finally, dividing equations (3.7) and (3.8)
by n(4-4)/d shows that at least one of condition (A) or
(B) in the statement of Theorem 2 is satisfied. Theorem
2 therefore implies the existence of ¢ > 0 such that

limy oy ¢ = ¢, ic., E (n_({;i_%%;) —e

To prove that VAR(H(n)) — 0 refer back to
condition (A3) setting m = m; and S = S,. Taking
expectations and using symmetry gives

¢n =

d
m*¢ —m
Tn = 2d’E(TX) W—E(TXJ'X:)
(a-d")/d 2(d-d')/d
n n
+E —_ | +0
<¢X Inn ) ( In®n )

where X, X; = |SNQ1|, X2 = |SN Q2] are all binomial
random variables with parameters n and p = m™9.

Using Chernoff bounding techniques to show that X;
and X are strongly concentrated around their mean
along with the previously proven fact that E(¢,) =
O(1) we find that

—1—E(30x)

(1= ) pe [0 (7))
i (ln n)

Jensen’s inequality [5, p. 161] tells us that 92 < ¢,

for all n, so
) ( ) ,
In%n

¢n is a binomially bounded sequence and Lemma 3.1
therefore says that it is a bounded sequence. This

(39pn <

1
on <E(px)0 (
In?
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in turn implies the existence of ¢/ < oo such that
liMm 00 SUP, 54 ¢n = ¢ while Jensen’s inequality tells
us that ¢ < ¢/. We will now see that ¢/ < c?, proving
that lim,,, 0 @r = 2.

Suppose, by contradiction, that ¢’ = ¢+ 6 for some
6 > 0. Fix € > 0. For all large enough n, E (¢2) < ¢®+¢
and E (7,) < ¢? 4+ 6 + €. Plugging back into equation
(3.9) this implies that for all large enough n

1 1
pn < m(02+5+€)+(1—7—n‘;> (¢ +¢)

1
+0 (ln2 n)

é 1
< 62+7n_d+€+0(1n2n>

contradicting the definition of 6. Thus ¢/ = ¢2 and
lingo VAR(H(n)) = nlin;lo(gon —¢2)=0.

For any fixed ¢ > 0 and large enough n, |¢, —¢| <
€/2. Thus, for large enough n Chebshev’s inequality
yields

Pr(lH(n)—c|>¢) < Pr(lH(n)—¢n|>¢/2)
JVAR(H(n))

<

Since lim, o, VAR(H(n)} = 0 this implies convergence
in probability. O

To conclude this subsection note that Lemma 2.1
shows that the MWT functional satisfies all of the
conditions of Theorem 3, thus proving Theorem 1 as
promised.

3.3 Other ApplicationsTheorem 3 is quite general
and permits the analysis of a variety of other problems.
To illustrate its use we describe how it proves conver-
gence for a generalization of the MWT. Let S C ®4.
We define a “triangulation” of S to be a simplicial com-
plex in ¢ whose vertices are exactly the points in S.
Suppose 7 is some triangulation of S. Define wa(7),
the d’-dimensional weight of 7, to be the sum of the d’-
dimensional volumes of all d’-dimensional flats in 7. For
exanple, if d = 3 then T partitions the convex hull of S
into tetrahedrons, w;(7) is the sum of the lengths of the
edges of 7 and wy(7) is the sum of the areas of all of
the triangles that are faces in 7. Finally set MWT%(S)
to be the triangulation of S with minimal wg () weight.
For example MWT? is exactly the MWT(S) we have
previously analyzed.

It is now quite straightforward to use Theorem 3 to
generalize Theorem 1 as follows (proof omitted in this
extended abstract):
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THEOREM 4. Lef xy, ®3, ... be points chosen inde-
pendently from the uniform distribution over the unit d-
cube [0,1]¢ and set S = {z1,...,z,}. Then, ifd’ = d—1
or d' < df2 there ezists a constant c3, > 0 such that

d
%%‘—l converges to c% in both expectation and

probability, i.e.,

d
E (‘—'—-_———MWT I(Sn)> -3 Cgu

n(d—d)/d
and,
MWT%(S,) 4
Ye > 0, Pr(W——cw >e|] —0.

As another application we offer a theorem concern-
ing the degrees of vertices in the Delaunay triangula-
tions. of random points. Given § C R? let Del(S) be
the Delaunay triangulation of S. we can prove

THEOREM 5. Let x1, a9, ... be points chosen inde-
pendently from the uniform distribution over the unit
square [0,1]2 and set S = {z1,...,zn}. Let d¥ 1o be
the probability that a random point in S, has degree i in
Del(S,,). Then there exist constants d) > 0 for i > 2

lim d{) = 4@

=00
We omit the full proof in this extended abstract (it
will be given elsewhere) but sketch the idea behind it.
Consider the functional

DY(S)=|{pe S : p has degree i in Del(S)}.

By definition dsf - (M)ns—"l) . The functional can be

shown to satisfy Theorem 3 with scaling factor d’ = 0
and thus there exists a constant d(*) such that

(M) = d@.

lim d) = lim E
n

n—oo n—oQ
We note that a similar theorem has previously been
proven analyzing the degrees of points in the minimal
spanning trees of random point sets [16] but the tech-
niques used there do not seem applicable here.
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