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Abstract

This paper studies two functions arising separately in the
analysis of algorithms. The first function is the solution to
the Multidimensional Divide-And-Conquer (MDC) Recur-
rence that arises when solving problems involving points in
d-dimensional space. The second function concerns weighted
digital sums. Let n = (bjbi—1---bibo)2 and Sm(n) =

S tt+ 1)t +2) - (t+ M — 1)b2%, and set Tar(n) =
1 > j<n Su(j) be its average.

We show that both the MDC function and Tas(n) (with
d = M — 1) have solutions of the form

d—2
Ta(n) = anlg® ' n+ Z nlg™ nAn(lgn) + cq.
m=0
The «, cq are explicitly calculated constants and the A, (x)
are periodic functions of period one given by explicitly stated
Fourier series.

1 Introduction

In this paper we analyze two problems that, although
they arise separately in the analysis of algorithms, have
very similar solutions. The first problem, multidimen-
sional divide-and-conquer, initially arose in the con-
text of calculating maximal points in multidimensional
space [1, 2]. Previous analyses [3] gave only first or-
der asymptotics, showing that the running time for the
d-dimensional version of the problem is (Ign = log, n)

Ty(n) = anlg  n+ o(nlg? ' n)

for some explicitly calculated constant «. We will
extend Mellin transform techniques for solving divide-
and-conquer problems originally developed in [4] (see [5]
for a review of more recent innovations) to derive exact
solutions, which will be in the form

(1.1)

d—2
Ty(n) = anlg? ' n + Z nlg™ nA,(lgn) + cq,

m=0
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where «, cgq are explicitly calculated constants and the
A, (x) are periodic functions of period 1 given by
absolutely convergent Fourier series.

The second problem studied will be certain
weighted types of digital sums. Start by expressing in-
teger n in binary as n = (bjb;—1---b1bg)e, ie., n =
> i be2". Define

(1.2) Si(n) = itbﬂt.
t=0

This sum arises naturally in the analysis of binomial
queues where Brown [6] gave upper and lower bounds

[nlgn —2n] < S1(n) < [nlgn].

We will be interested here in analyzing the more
generalized version of this function, allowing weights to
be polynomial in t:

(1.3) Sp(n) = i:t(t +1)(E+2)-- (t+ M —1)b2"
t=0

It turns out that Sys(n) itself is not “smooth” but
its average Th(n) = %Zj<n Sa(j) is and allows a
closed formula. This formula will be precisely in the
same form (1.1) seen above with M = d + 1.

Note: In this extended abstract, proofs of some Theo-

rems and lemmas have been omitted.

2 Background and Tools

The main tools used in this paper are Dirichlet generat-
ing functions, Mellin transforms and the Mellin-Perron
Formula. For detailed discussion of these tools see, e.g.,
[7] and [8, pp.762-767]. We first state the key needed
results:

THEOREM 2.1. (THE MELLIN-PERRON FORMULA )
Let {\;}, j = 1,2,... be a sequence and ¢ > 0 lie in



r—8

the half-plane of absolute convergence of Z;’;l Aij
Then for any m > 1,

Therefore, (2.5) gives that

n c+ioco . ds
! i\" L L A oL
<n
! ' where Dy(s) = 3772, A,vsf’ is the Dirichlet Generating
_ etiee i Aj n® ds Function (DGF) of AVfJ
270 J o ino o js s(s+1)(s+2)---(s+m) Calculation yields
In particular, when m = 1, Dy(s)
AV fo; AV foi41
1 = AVfi+ Z s Z =
2.5 — Ai(n — 25 +1)
@) LY 2y 2 @)
VA o~ AVf; = AVey; > AVey;
= [ S ) e - avas (SR T | 2 o
270 J e = js s(s+1) j=1 j=1 1
= A A A ;
ing Divi = Vit Ave +Z Ve Ly oYt
2.1 Solving Divide and Conquer Recurrences 25 = J° (25)® = (25 + 1)s

Our main technique will be a generalization of one
developed in [4] to solve divide-and-conquer recurrences
of the form

(2.6) Jn

with initial condition f; = 0 and given “conquer” cost
sequence {e, } where ey = e; = 0. Since we will have to
generalize /modify the technique, we first quickly review
how it worked.

Distinguishing between odd and even cases of (2.6),
we find that for j > 1,

= flns2) + finj21 t€n

(2.7)  fay=2f; +ezj,  fojp1 = fi + fiv1 +e2iq-

Let Vg, = gn — gn_1 be the backward difference
operator. Then, for j > 1,
(2.8) Vfa; = Vfj+Vey;,

Vfoj+1 = Vfir1+Veojq1.

Let Agp = gn+1 — gn, be the forward difference

operator, i.e.,

(2.9)
Avfn - vfnJrl - vfn - fn+1 - 2fn + fnfl
AVe, =Vent1 — Ve, =epip1 — 2en +€5-1.

Then, from (2.8),
AVfQj = Aij + AVegj7 AVf2j+1 = AV€2j+1
fOI‘j Z 1, with AVfl = fg — 2f1 = €2 = AVel.

Now, some basic calculation shows that, for any
sequence f,

(2.10) fn - 7’Lf1 =

> (n—§)AVS;.

j<n

_ Dyls) |, S AVe,
_ D +g .

Solving for Dy(s) gives

1 >, AVe;
1_2_32 -

= 7

(2.11) Dy(s) =

Combining (2.5), (2.10) and (2.11) proves the fol-
lowing lemma from [4]:

LEMMA 2.1. The recurrence (2.6) with boundary con-
ditions eg = €1 = 0 and f1 = 0 is solved by

n c+ioco 1
fn = T/ PE—
T Jo—ioo 1 —27°

where c lies in the half-plane of absolute convergence of

AVe;
>, A

3 Multidimensional Divide-and-Conquer

N AVe; | , ds
2| ,
= s(s+1)

3.1 Background Multidimensional divide and con-
quer (MDC) was first introduced by Bentley and
Shamos [1, 2] in the context of solving multidimensional
computational geometry problems. The generic idea is
to solve a problem on n d-dimensional points by (i) first
splitting the points into two almost equal subsets and
solving the problem on each of them, then (ii) taking
all n points, projecting them down to (d — 1) dimen-
sional space and solving the problem on the projected
set, and finally (iii) constructing a solution to the com-
plete problem by intelligently combining the solutions
to the 3 previously solved ones. The recursion bottoms



out when the dimension d = 2, in which case a straight-
forward solution is given, or when n = 1, which has a
trivial solution.

The methodology can be applied to give good
solutions for many problems, including the Empirical
Cumulative Distribution Function (ECDF) problem,
maxima, range searching, closest pair, and the all
nearest neighbour problem.

Of particular interest to us is the all-points ECDF
problem in RF (ECDF-k). For two points z =
(x1, 22, ,ak), ¥ = (Y142, ,yk) € R¥, we say
dominates y if x; > y; for all 1 < i < k. Given a set S
of n points in R¥, the rank of a point x is the number
of points in S dommated by . The ECDF-k problem
is to compute the rank of each point in S.

When k£ = 2, a slight modification of bottom-up
mergesort will solve ECDF-2 in O(nlogn) time. Monier
[3] proposed a MDC algorithm for solving ECDF-k for
larger k, which was based on the description of Bentley
[2]. Monier analyzed the worst-case running time of this
algorithm, T'(n, k), with the following recurrence:

(3.12)
i&z};ﬁﬁﬂnﬂ’ ) ins1k>2
T(n.k) =19 4 ifn=1Fk>2,
nlgn ifn>1,k=2.

By translation into a combinatorial path-counting
problem he derived the first order aymptotics of T'(n, k).
More specifically, he showed that, for fixed k,

1 k-1

T(n,k) = = 1)!nlg

n+0(nlg"%n)

We will derive exact solutions for the ECDF-k
running time using Lemma 2.1. To do so, we will have
to slightly modify the case k£ = 2 to have a more precise
initial condition. In what follows we will denote T'(n, k)
by f*. The recurrences corresponding to 3.12 will be:

k_ f[cn/% Jrffcn/z] +ef, n>2
(3.13) fl =
0, .
where
(3.14) g I =1 k>3
. n n— 17 E_9

3.2 The Dirchlet Generating Function for Mul-
tidimensional Divide-and-Conquer We can now
solve recurrence (3.13) and (3.14) via Lemma 2.1. To

do so, we need to calculate the DGF of the AVe}, where
the e} are given by (3.13). One can work out directly
that AVe? = 1 while, for j > 2, AV@? =0.

Thus,

1 > AVe2
1 D = 1
(3.15) RG) = T2
Jj=1
B 1
1 —2-5"

For k > 3, we have

ko AVfJ’.‘_l, for j > 2
AVe ek = kfl—i—l—Aka*l—l—l for j=1
2 = J2 = 1 ) J =1
Hence
1 i AV@?
Dy(s) = 752 T
Jj=1
1 f"’ !
1 Dy, ,(s)
R PET e g e

Tterating the above recurrence, and applying (3.15)
gives
(3.16)
1 1 1

D =
fk(s) 1—92-s + (1 _ 2—3)2 + + (1 _ 2—s)k:—1

By Lemma 2.1, we obtain a formula for f* in terms
of f*=1 and a complex integral:
(3.17) fF

B n/3+ioo kz—:l 1
C2mi g \ A (127
n /3+i00 1 .
n
20 Jy_joo (1 —279)F1

We note that [4] explicitly solved this for the case
k =2 to derive

. ds
50 )" s 1)

ds
s(s+1)°

_ fkl

(3.18) fa=nlgn+nAi(lgn) +1
where, setting x; = 21?2]7

(3.19)
1 1 1 .
() Y e
2 In2 i (In2)x;(x; +1)



3.3 Evaluation of the Integral We now see how to
evaluate the integral on the right-hand-side of (3.17):

1 3+ioc0 1 ds
3.20) I - s
(3:20) Ipr(s) = 5= /3 1—2-5)F1" s(s+1)

—i00

Fix some real R > 0 and consider the counter-
clockwise rectangular contour ¥ = Y1 (Yo U s Y4,
where (see Figure 1)

(3.21)
T {83+iy:—R<y <R}
Yo = {z+iR:—-R<x2<3}
T3 = {-R+iy: -R<y<R}
Yy = {r—iR:—-R<2z<3}

Denote the kernel of the integral in (3.20) by
Kf,k(s):

S

n
3.22 Kri(s) = .
( ) £.4(5) s(s+1)(1 —2-s)k-1
Im(z)
Tg R
12
s
In2
=i
) T
iz
2w
ml
Re(z)
R -1 Jo 3
27
—2
T3 —izi
br
—
_l%i
7%1’
T, R

Figure 1: The figure is contour T defined in (3.21). The
dots represent the poles of Ky ;(s) inside Y.

Note that (3.20) is just limg .o 557 [y, K7.x(s)ds.
The idea will essentially be to show that, for ¢ =
2,3,4, limp .o [+ Kyr(s)ds = 0. Thus, (3.20) is the

limit, as R — oo, of the integral around the closed curve
T. But, by the Cauchy residue theorem, this will be
equal to the sum of the residues inside T as R — oo,
which can be easily calculated.

We now provide details. Consider the horizontal
paths ¢ = 2,4 and the sequence R = R; = W
Then

/ Kf,k(s)ds
Tq
3+iR,;
< [ Kl
—R;+iR;
< n ! / "
< max - o
~Rj<o<3|(1£2770)" 1 R;j(R; +1) J_g,
= 0@ )
For the leftmost path we also see
Ky (s)ds| =0 _
T3 i - R;(2k=In)fs )

Hence, by the Cauchy residue theorem, Iy (s) is
the sum of the residues at the poles of Ky ;(s) inside T
as j — 0o. The poles of Ky (s) inside T are:

1. A simple pole at s = —1.
2. A pole of order k at s = 0.
3. Poles of order (k — 1) at s = x;, where j € Z\ {0}

Standard techniques for finding residues, e.g., mul-
tiplying the respective Laurent series, give

1k
Res (K k(s),s = —1) = (=) ,

3.23
(323) ~
(3.24) Res (Ky x(s),s =0)
B 1gk_1n n k—1 1 lgk_Qn
(k—1)! 2 In2/ (k—2)!
k-3
+ c’&m lg™n
m=0
and
(3.25)
e27'rij(lgn) k-2 A
Res (Kgk(s),s = x5) = g™ n

L N
X0+ 1) a= "

where the C?,m are explicitly calculable constants.

We point out (omitting the proof in this extended
abstract) that it is not difficult to show that, for fixed
k and m, the |}, | are uniformly bounded as j — oo.



THEOREM 3.1. For k > 2, the recurrence fF, defined
by (3.13) and (3.14), satisfies

(3.26)
k—2
fr = G 1 1)'nlgk_1 n+ Z nlg™ nAk (1gn) + ¢,
' m=0

where AX (u), m =0,1,--- ,k —2, are periodic with pe-
riod 1. Furthermore, the A (u) are given by absolutely
convergent Fourier series

oo
Ab ()= Y amp e

j=—o00

whose coefficients ap ; can be determined explicitly.
c, =1 if k is even, 0 if odd.

Proof. (Sketch) As previously mentioned, for k = 2 this
theorem was already proved by Flajolet and Golin [4].
For k > 3 the proof follows from equation (3.17) and
the residue calculations in (3.23), (3.24) and (3.25).
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Figure 2: As an example, the graph shows nllgn( -
%nlg2 n) plotted against lgn. The graph illustrates the
periodicity behaviour in the second order asymptotic

terms of f2.

4 Weighted Digital Sums

We now return to analyze Tps(n) = %EKH S (4),
where Sys(j) is the weighted digital sum function as
defined in (1.3).

Set Wu(n) = >, Su(j). Note that
AVWy(n) = ASpy(n—1) = VSy(n) and Wi (1) = 0.

Then from (2.10) and (2.5),

1
1 [ (S VSu() ) . ds
a % c—1i00 ]; js K 5(5+1)-

We now proceed, as in Section 3.2 to first derive a usable
expression for the DGF Z;’il % and then, as in
Section 3.3, use the Cauchy residue theorem to evaluate
the integral in (4.27).

4.1 Deriving the DGF First note that VM,
S (1) = 0. Next, observe that if n = (b;b;—1 -~ b1bg)a,
then

2n = (bibi—l ce blbo, 0)2

and
n+1= (bibi,1 -+ bibg, 1)2.

This shows that VM,

(4.28) Sn(2n+1) = Sy (2n),
(4.29)
k
Si(2n) = Y (i+1)p2"
i=0
k k
= 2) ib2'+2) b2
i=0 i=0
= 251(n)+2n
and
(4.30) SM(QTL) = QSM(TL) + MSM_1(2’FL).

Combining these in a similar calculation as performed
in Section 3.2 yields
LEMMA 4.1.
> S (i (M —1)(s—1)
An(s) =) A’) = Ml ————((s)

s—1 __ M
= (2 1)

where ((s) = ,.on~*° is the Riemann Zeta function.

4.2 Evaluation of the Integral By (4.27) and
Lemma 4.1, we have
(4.31)

M1 3+ o(M-1)(s-1) ds

= 7/ C(s)n*

270 Ja oo (2571 —1)M s(s+1)
Similarly as in the analysis of f* in Section 3.3,

the integral in (4.31) can be evaluated by integrating



(in the limit) over a counterclockwise contour. Fix
some real R > 0. The contour for this case will be
=TT Uls T4, where (see Figure 3)

(4.32)
I'h = {83+iw:—-R<y<R}
I {r+iR:-1/4 <z <3}
I's {-1/4+1iy: —R<y <R}
Iy = {2—iR:-1/4<z<3)

Im(z)

Iy

lO*r
1 + a2t

87 -
T+ 450
6 ;
T+ 450
14z AT

2 -
T+ 350

2,
.1 2t

dn
.1 m2*

6r
1_ 2’

87,
.1 2t

105,
1_ 2’

Iy

Figure 3: The figure is contour I' defined in (4.32). The
dots represent the poles of Kr,,(s) inside I'.

Denote the kernel of the integral in (4.31) by
Kr,,(s):

133 % 2(M71)(571) . 1
(4.33) Ty (8) = mC s)n m
Note that the RHS of (4.31) 1is just

limp oo 22 Jr, K1y, (s)ds. As before, we will start by

showing that the integrals along I's, I's, T'y, go to 0
as R — oo. Therefore, the value of Tys(n) will be M!
times the sum of the residues inside I', as R — oo. We
therefore conclude by evaluating those residues.

To show that limpg_ o frj Kr,,(s)ds = 0 is tending
to 0 for j = 2,3,4, we need the following two lemmas
that follow easily from general properties of the Zeta
function (proofs omitted in this extended abstract):

LEMMA 4.2. Consider integral

3+iR
(4.34) I(R) = / F()C(s)n*ds
—a+iR
where 0 < a < g. Furthermore, suppose that for

s=a+iB with —a < a < 3, |f(s)| = O(|B|~2). Then,
both as R — oo and R — —oo, we have I(R) — 0.

LEMMA 4.3. Consider integral

—gico s ds
. / e T

4

If g(s) can be expressed as a series which is uniformly
convergent on —+ + (—00,00)i and is of the form

Z 9;(K;)
7=0

for some real sequence {g;} and integer sequence {K;},
then I = 0.

To evaluate the integrals along I's and I'y, consider
(2]+0 97T Note that ‘Q(MA)(SA)

’ = O(j~?). Thus, by

the sequence R; is

bounded as 7 — oo and ‘S(SH

Lemma 4.2, as R; — oo,

Kr,,(s)ds — 0,
FQ F4

Kr,,(s)ds — 0.

To evaluate st Kr,,(s)ds, note that along TI's,
Re(s) < 0, so it is legitimate to write

1 oo (1N e (1Y) os
- (3)7 - (6) - ()

The series is both absolutely convergent and uni-
formly convergent on —% + (—00,00)i, so we can safely

write
E a 2M+j 1
7=0

(M 1)(s—1)

(2s-1—1)M

for some {a;}. This series is again uniformly convergent
on —% + (—00,00)i, so by Lemma 4.3, we have



Kr,,(s)ds — 0
I's

as Rj — oo.

Hence by the Cauchy residue theorem, Ty (n) is just
M! times the sum of the residues at the poles of Kr,, (s)
inside T" after taking j — oo. It is well known that {(s)
has a simple pole at s = 1 and it is analytic elsewhere.
Hence, the poles of Kr,,(s) inside I" are:

1. A simple pole at s = 0.
2. A pole of order (M +1) at s = 1.

3. Poles of order M at s = a; := 1+ 21;”5, where
j € Z\{0}
The residues are listed below:
(4.35) Res (Kr,, (s),s = 0) = (—1)M*!

(4.36) Res(Kr,,(s),s=1)
nlgMn N (270 -3+ (M- 2)1n2> nlg™ 1

2 M1 A(M — 1)IIn2
M—2
+ Z bé\{mnlgmn
m=0
and
(4.37)
M-1
Res (Kf 1 (s),s = a;) = e*™lem) Z b?j[mnlgm n,
m=0

where the bM are explicitly calculable constants.
As in the MDC case, we can now derive a general
closed formula:

THEOREM 4.1.

(4.38)
M-1

Ty (n) = fnlg n—i—z Fara(lgn)nlg® ng(—1)M+1 a0
d=0

where

(439) FMd ZaMd e?mgu

JEZ

s a function with period one. The Fourier coefficients
apy.a,; can be determined explicitly and the Fourier
series (4.39) are all absolutely convergent.

In particular, we can derive the following closed
form for T7(n).

-0.88

-0.90

-0.92

-0.94+

-0.96

-0.98

Figure 4: The graph shows %(Tl (n) — %nlg n) plotted
against lgn. The graph illustrate the periodicity be-
haviour in the second order asymptotic terms of T} (n).

COROLLARY 4.1.

1

(4.40) Ti(n) = inlgn +nFo(lgn) +1

where

(4.41)

279 —3—1n2 C(ay) omid
Fo(u) = 20=37I2 g~ S@) e
41n2 e (In2)aj(a; +1)

which is a Fourier series with period one. o; = 1+ 212127

We conclude by noting that, using known properties
of the Zeta function ((s), it is not difficult to prove that
all of the Fourier series defined in (4.39) are absolutely
convergent.
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