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Abstract

Let G be a weighted, complete, directed acyclic

graph (DAG), whose edge weights obey the Monge

condition. We give an efficient algorithm for finding

the minimum weight K-link path between a given

pair of vertices for any given K. The time complexi-

ty of our algorithm is O(n~=) for the con-

cave case and O (ncr (n) log3 n) for the convex case.

Our algorithm uses some properties of DAGs with

Monge property together with a refined paramet-

ric search technique. We apply our algorithm (for

the concave case) to get efficient solutions for the

following problems, improving on previous results:

(1) Finding the largest K-gon contained in a given

polygon. (2) Finding the smallest K-gon that is the

intersection of K halfplanes out of of given set of

halfplanes defining an n-gon. (3) Computing maxi-

mum K-cliques of an interval graph. (4) Computing

length limited Huffman codes. (5) Computing opti-

mal discrete quantization.

1. Introduction

Let G = (V, E) be a weighted, complete, di-

rected acyclic graph (DAG) with the vertex set

v = {VI, 1)2,..., V~}. (For convenience, we sorne-
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times represent vi by i.) For 1 ~ i < j, let w(i, j)

denote the weight associated with the arc (i, j). (See

Figure 1.)

1

Figure 1: Complete DAG

We call a path in G a K-link path if the path

contains exactly K arcs. For any two vertices, i

and j, we call a path P a minimum K-link path

if the path goes from i to j, contains exactly K

links and among all such paths, it has the mini-

mum weight. A weighted DAG, G, satisfies the con-

cave Monge condition if w(i, j) + w(i + 1, j + 1) g

w(i, j+l)+w(i+l, j) holds for all 1< i+l < j < n,

and aatiafies the convex Monge condition if the in-

equality is reversed.

In this paper, we are interested in computing the

minimum K-link path from 1 to n in Monge DAGs,

i.e., weighted DAGs whose weights satisfy either the

concave Monge property or the convex Monge prop-

ert y.

Using the results of Aggarwal et al. [1] and Ag-

garwal and Park [2], it is easy to show that the

minimum K-link path can be computed in O(nK)

time for a concave Monge DAG, and in 0(7~Ka(n))

time for a convex Monge DAG, where cr(.) is the

inverse Ackermann’s function.
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The main result of this paper is an

O(n<=) time algorithm for computing the

minimum K-link path for the concave case and an

O(na(n) log3 n) time algorithm for the convex case.

We solve the convex case using Megiddo’s para-

metric search [16] based on the efficient parallel al-

gorithm of Chan and Lam [9]. For the concave case,

the known parallel algorithms required for paramet-

ric search are not efficient enough; therefore, we use

a r’efined pa?’arnet?’ic 8eaTch technique instead. Para-

metric search is a powerful technique for design-

ing algorithms, especially in computational geom-

etry [7]; hence its refinement should also be a useful

tool.

The original parametric search runs a generic par-

allel algorithm (on P processors) without knowing

the key parameter r, and calls a decision algorithm

log P times at each stage in order to compute the

comparisons. Fredrickson [10] pointed out that it

is sometimes inefficient to use a parallel algorithm

for parametric search; in fact, the essential require-

ment for parametric search is to give a “nice” partial

order of computation.

We use a similar philosophy, although the tech-

nique is different. In [10], “nicen partial orderings,

as well as sorted matrix search techniques, speed up

binary search, and consequently decrease the num-

ber of calls to the decision algorithm. In this pa-

per, we construct a suitable partial order, so that

only parameter-dependent comparisons are done in

parallel. (This can be considered as an analogue

of Valiant’s comparison model [17] specialized for

parametric search.) As a result, we can design a

parametric search algorithm with a small number

of calls to the decision algorithm as well as small

total work.

The minimum K-link path in concave Monge

graph has several applications. Given below are five

such applications to geometric path finding (App. I

and II), interval graph (App. III), data opt imiza-

tion (App. IV), and data compression (App. V):

Application I. Suppose that we are given a con-

vex n-gon, and we want to compute the maximum

area K-gon and the maximum perimeter K-gon

that are contained in the given n-gon. (See Fig-

ure 2.) For this problem Boyce, Dobkin, Drysdale

and Guibas [6] provided an O(nK log n) algorithm

that was later improved by Aggarwal et al. [1] to

O(nK + n log n). By incorporating the main result

of this paper, this problem can now be solved by an

algorithm that takes O(n~= + n log n) time.

:
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Figure 2: Max-area inscribing polygon

Application II. Suppose that we are given a con-

vex n-gon and we want to compute the minimum

area K-gon which is the intersection of K half-

planes out of a given set of halfplanes defining the

n-gon. In other words, the minimum area circum-

scribing polygon touching edge-to-edge. (See Fig-

ure 3.) This problem is the dual of the previous

problem, and thus is solved in the same time com-

plexit y.

Application III. Let H be an interval graph

generated by m weighted intervals on n termi-

nals. Given K, find K cliques of H so that the

sum of the weights of intervals in the union of the

cliques is maximized. (See Figure 4.) We give an

O(m+ n<=log log n) time algorithm, improv-

ing on a previous result of [4].
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Figure4: K-maxclique ofinterval graph (K= ’2)

Application IV. Given a weighted alphabet of

sizen, we want to find anoptimal prefix-free binary

code for the alphabet with the restriction that no

code string be longer than length K. Larmore and

Hirschberg [13] gave an O(nK) time algorithm for

this problem. Using the reduction of this problem to

the rein-weight K-link path problem [14], we solve

it in O(n<=) time.

Application V. Suppose that we are given a real

valued function ~ : {zl, Zz, . . . . Zn} ~ 7?, where

7? are the reals and ml < Z2 s .-. < Zn are re-

als. Consider a sorted set of real numbers Y =

{Y1, Y2,..., YK }andamapping ~:{l,2,..., n}+

{1,2,..., K}. We call the pair (Y, ~) a quantiz~

tion, and the sum ~~=1 ~(zi)(zi – y$(i))2 the error

of the quantization. Optimal quantization is the one

which minimizes the error. The continuous version

of this problem is illustrated in Figure 5. Wu [18]

showed that optimal quantization finding can be re-

duced to rein-weight K-link path problem; hence it

can be solved in O(n~=) time appllying our

algorithm.

Figure 5: Quantization (K=5)

The remaining abstract is organized as follows.

Section 2 describes the simple parametric search al-

gorithms, and section 3 describes the refined para-

metric search algorithm and analyzes its time com-

plexity. Section 4 briefly describes the applications.
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2. The simple parametric search

Let G be our weighted DAG. For a real number T,

define the weighted DAG, G(r), to be the weighted

DAG with the same sets of edges and vertices as G,

in which each edge e ~ E has the weight w(e) + r

(w(e) is the weight of e in G). Note that if G is

Monge so is G(r). Define a diameter path in G to

be a path from 1 to n.

Lemma 2.1: If for some r the minimum weight di-

ameter path in G(T) has K links, then this path is

the minimum weight K-1ink diameter path in G.

Thus, in order to find the minimum weight K-1ink

diameter path of G, it suffices to find a 7 such that

the minimum weight diameter path in G(r) has K

links. We denote this T by ToPt.

Lemma 2.2: Suppose the minimum weight diame-

ter path in G(r) has K links. Then for every/3 < r,

the minimum weight diameter path in G(/3) has at

least K links.

These two lemmas assure that we can solve the

problem using binary search. Since the shortest

path in a concave DAG (resp. convex DAG) is

solved in O(n) (resp. O(na(n)) time using [11, 12],

we have a weakly polynomial O(n log(n + V)) (resp.

O(na(n) log(n + U)) time algorithm for concave

(resp. convex) minimum weight K-link path prob-

lem, where U is the maximum weight. (Bein et

al. [5] discovered the above weakly polynomial al-

gorithms independently.)

We make the above algorithms strongly polyno-

mial by using the parametric search paradigm [16].

Assume that there is a parallel algorithm which

computes the minimum weight path in G(T) in

O(L$=~) time using P processors. Also assume

that there is a sequential algorithm (decision al-

gorithm) that computes it in T$,q time. Then,

the parametric search scheme finds the minimum

weight path among the paths with K links in G in

o(pT’ar + T..qTp.. log P) time.

For convex case, T, ,f = O(na(n)) [12], and

Tpar = 0(log2 n) and P = O(n) [9]. Thus, we ob-

tain the following:

Theorem 2.3: The minimum weight K-1ink diam-

eter path can be computed in O(ncx(n) log3 n) time

for the convex case.

For the concave case, it is known that T.eq =

O(n) [11, 15]. But, no polylogarithmic time par-

allel algorithm that uses O(n) processors is known.

The known polylogarithmic time algorithms require

0(n2) processors; hence, they are not suitable for

our use. The best known algorithm that uses O(n)

processors requires O(@ log n) time [14]. Thus, we

have the following:

Theorem 2.4: The minimum weight K-diameter

path problem can be solved in O(n@ log2 n) time

for the concave case.

The above time complexity for concave case is far

from satisfactory, since for n > K2, itis worse than

the O(nK) time algorithm given by using [1, 2].

In the next section we give a better algorithm by

refining the parametric search technique.

3. The refined parametric search

We use a refined parametric search that uses a “par-

tially” parallel algorithm instead of a “fully” paral-

lel algorithm for the parametric search. Our aim

is to find TOPt for which the minimum weight path

of G(r~pt) contains exactly K links. We design

a generic algorithm for computing the minimum

weight path of G(T), where the comparisons de-

pending on r are performed in parallel, while the

comparisons independent of r are not. Like the

usual parametric search, when the algorithm makes

O(P) pairwise independent comparisons depending

on ~, we compute the critical values of such com-

parisons, and locate ToPt in the sorted list of these

values by calling the decision algorithm (the sequen-

tial shortest path algorithm) O(log P) times.

Without loss of generality we assume that the

number of links in all minimum weight paths of

G(r) is the same. (If this is not the case we de-

fine the minimum weight paths to be the ones with

the minimum number of links.) Let k.(i) be the

number of links in the minimum weight path from

VI to vi in G(~), and let k(i) be the number of links
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in the minimum weight path from VI to Va in G(rOPt)

(i.e., k(i) = k70P, (i)).

The following lemma is easily obtained from

intedeaving propeTty [6] of paths in graphs with

Monge property:

Lemma 3.1: For all ~ >0, and all 1 ~ i < j y< n,

k~(i) ~ l+(j).

For a path P from VI to vj (assuming that V1 is

to the left of vj ), the left endpoint of the last edge

is called the anchoT of P. If the anchor of a path is

in an interval 1, we say that the path has its anchor

in I. We fix a number L, which will be set to be

a suitable number in the analysis. For convenience

we assume that both L and n/L are integers. For

1 ~ i ~ n/L, define /3i and ya such that for any

Pi < T < yi, the minimum weight path from VI to

each vertex whose anchor is in [1, iL] in G(7) is the

same as that in G(~oP~ ).

Our algorithm has n/L stages. Below, we de-

scribe stage i+ 1 in which we compute ~i+l, ~i+ 1 and

all minimum weight paths anchored in [1, (i+ l)L]

in G(r), for any ~i+l s r ~ ~i+l, given L%> Yi and

the weights (as linear functions of the parameter ~)

of all minimum weight paths anchored in [1, i~,] in

G(T), for any pi < r < ~i. (Initially, /30 = O and

‘yC1= 00.)

We first find all shortest paths from VI to

?JiLj ViL+l, . . .j v(i+l)L in G’(TOpt). The following

lemma follows from Lemma 3.1 and the Monge

property.

Lemma 3.2: For any j > iL, the minimum weight

path from V1 to vj anchored in [1, iL] has either

k(iL) or h(iL) + 1 links.

For iL < s ~ (i + l)L, define the candidate h-

blink path from VI to v. to be the minimum weight

h-link path among the paths whose prefix is a min-

imum weight path anchored in [1, iL] in G(r), for

any fli < T < ~.j, and their suffix consists Of SOme

(possibly zero) links in [iL + 1, (i + l) L]. Note that

the minimum weight h-link path from V1 to v, in

G = G(0) need not be a candidate h-link path.

However, it is easy to see the following lemma:

Lemma 3.3: The minimum weight path from W1 to

v~ in G(~~Pt ) is one of the candidate h-link paths.

The following is the key fact:

Proposition 3.1: For a fixed h, the cc)mparison

bet ween the weights of two h-paths is d’one inde-

pendently of T.

Let A be the matrix of the edge weight;s between

the vertices ‘V~L, ViL+l, ..., v(~+l)L. Let ~ be the vec-

tor of weights of the minimum weight paths from VI

toviL,vaL+l}..., v(i+~)L anchored in [1, ilr] in G(7),

for any Pi < T ~ ~i. This vector is computed in pre-

vious stages. From Lemma 3.2 it follows that these

paths have either k(iL) or k(iL) + 1 links. Thus,

the vector d is the entrywise minimum of 21 and

ZZ, where the j-th entry of 31 (resp. i?2) is the

weight of the minimum weight path from V1 to vj

that contains k(iL) (resp. k(iL) + 1) links if such

exists, and co, otherwise. From Lemma 3.1 it fol-

lows that the noninfinity entries of 51 and Z2 are

cent iguous.

Consider the semiring defined over the reals with

the operation {rein, +}. For an L x L :matrix P

and an L vector Z, G = P; is given by W8 =

mi~=l,z,..., L {l’sti + Zi }. The following lemma is ob-

vious from the definition:

Lemma 3.4: For a given h, all candidate h-link

paths from V1 tO viL, . . . , V(i+ ~)L are obta”ned by

computing

min{A
h-k(iL)~l, A~–~(iL)–1~2}.

The above operation is done independently of

r by Lemma 3.1. Actually, each term compared

by using the min operation has a form hr + w

for an w independent of r. Hence, for any given

M, we can find all candidate h-link paths for h =

k(iL), k(iL) -I- 1,..., k(iL) + M in 2M multiplica-

tions of an L x L matrix by L vectors. (Not,e that the

computation can be done as a sequence of matrix-

vector multiplications so that no multiplication be-

tween matrices is done.)

Suppose that we did this computation for some

M > k((i + l)L) – k(iL). Then, to find the shortest

path from VI to vj, for some iL < j < (i + l)L,

in G(TOPt ), we must compare the candidate h-link

paths from VI to Vj, for k(iL) s h s k((i+l)L), and

193



find the minimum path among them at r = Topt.

These comparisons depend on the parameter r.

Here, we apply the parametric search paradigm.

When two paths are compared, we compute the crit-

ical value < of ~ for the comparison. If this value

is not in the interval ~z, ~i], then the comparison is

independent of r, otherwise, we execute the sequen-

tial (linear time) shortest path algorithm for G(t).

If the shortest path has exactly K links, we can re-

port .$ as our answer. If it contains less (resp. more)

than K links, then TOpt < ~ (resp. T.Pt > t). Thus,

we can replace one of pi and ~i by & and continue

the process.

The comparison of these M elements can be done

in O(log M) time with O(M) processors. Since we

have to do it for all iL < j s (i + l)L, there are

L such comparisons in parallel, and the number of

processors becomes O(LM). Hence, if we use the

original Megiddo’s parametric search, we call the se-

quential algorithm O(iog M log(ML)) times. How-

ever, we can apply Cole’s improved method [8], and

the number of calls to the sequential algorithm is

reduced to O(log(ML)), and time complexity be-

comes O(n log(ML) + ML log M).

Moreover, the problem can be considered as the

matrix search in M x L matrix. The row in-

dices of the location of minimum in the columns

are non-decreasing sequence because of Lemma

3.1. Hence, we can reduce the time complexity to

O(n log(ML) + fiM log M) by computing the col-

umn minima of columns whose column indices are

integer multiples of a in advance,

The only problem left is how to determine M such

that M > k((i + l)L) – h(iL). We would like to set

M as small as possible in order to reduce the num-

ber of computations of the matrix multiplications.

Below, we show how to find an M that is bounded

from above by 2(k((i + l)L) – k(zL)).

Forl<h< n,andfori.L<j <(i +l)L, let

TVn (j) be the weight of the candidate h-link path

from til to Wj. We use the following lemma.

Lemma 3.5: For 1 < h < n, and for iL < j ~

(i+ l)L,

Wh(j) < max{W~+~(j), W~-,(j)}.

Proof: Let P be an (h – 1)-link candidate path

and let Q be an (h + 1)-link candidate path from

VI to vj. Then, there is a link (vC, Vg) in P and a

link (v,, Vt) in Q such that z < s < t ~ y, and the

number of links in the subpath of P from VI to VY

is the same as in the subpath of Q from VI to V$.

We have four cases.

CASE 1: t = y. We cut P at VY to obtain two

pieces P1. j~ and Pr~~M. Similarly, we cut Q at

vt = VY to obtain two pieces Qz~ft and @ght. We

construct a path RI by “gluing” Plejt and Qright,

and a path R2 by “gluing” Q/e f t and P?ight.Both

RI and R2 have h links. Since P and Q are can-

didate paths, so are R1 and Rz. The sum of the

weights of RI and R2 is the same as the sum of the

weights of P and Q. The lemma in this case follows.

CASE 2: t < y and x > iL. From the Monge

property, it is easy to see that W(Z, Y) + w(s, t) ~

W(Z, t) + W(S, y). We cut P at v= and Vg to ob-

tain three pieces P1.ft, (%, Vy), p~ight. !hnikrlY,

we obtain Qz~ft and Qrightby cutting Q at v. and

v~. We construct a path R1 by “gluing” Pleft and

Q,ig~t with the edge (v~, vt). Similarly, a path R2 is

obtained by “gluing” Qlef t and pri~ht with (v., Vy).

Both RI and R2 have h links. Also, the prefixes

of both R1 and R2 are minimum weight paths an-

chored in [1, iL]. Thus, both R1 and R2 can be

considered as candidate h-link paths. The sum of

the weights of RI and R2 is not larger than the sum

of the weights of P and Q. The lemma in this case

follows.

CASE 3: t < y and s > iL ~ z. Consider R1 and

R2 as in the previous case. Since s > iL, the prefix

of R2 is a minimum weight path anchored in [1, iL].

If the weight of R2 is less than or equal to the weight

of P, then we are done. Suppose that the weight of

R2 is larger than that of P. Since the sum of the

weights of R1 and R2 is not larger than the sum of

the weights of P and Q, we have that the weight of

RI is smaller than that of Q. However, R1 may not

be a candidate path since the prefix of RI from V1

to vt, denoted Rj, is not necessarily the minimum

weight path to Vt anchored in [1, iL]. Let R~ be

a minimum weight path from V1 to V* anchored in

[1, iL]. We claim that the number of links of R: is

the same as the number of links of RI. Observe that
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the number of links of the minimum weight paths

from VI to VY and from VI to v. is the same as this

of Rj. Since s < t < y, Lemma 3.1 implies that this

is also the number of links of R:. Let R3 be the

path obtained by “gluing” R~ and Q~ight. Clearly,

the number of links of R3 is h, and thus R3 can be

considered as a candidate h-link path. The lemma

in this case follows.

CASE 4: t < y and s < iL. Let P’ be the prefix of

P from VI to VY and let Q’ be the prefix of Q from

VI to vt. Since s ~ iL both P’ and Q’ are anchored

in [1, iL]. From the definition of a candidate path

it follows that both P’ and Q’ are minimum weight

paths. We construct a path R\ by “gluing” Pl,ft

and the edge (v=, vt ). Similarly, a path Rj is ob-

tained by “gluing” Qieft and (v,, Vv). The sum of

the weights of R; and R; is not larger than the sum

of the weights of P’ and Q’. Since P! and Q’ are

minimum weight paths this implies that Rj has the

same weight as Q’ and R; has the same weight as

P’. However, R~ and Q’ (and also R! and P’) have

different number of links. This contradicts our as-

sumption that the number of links in the minimum

weight paths to vt (and VY) is the same. c1

We remark that since the above lemma is true for

any i and L, we get the following as a corollary.

Corollary 3.6: For 1< h < n, and for 1< j < n,

let fih(~) be the minimum weight of an h-link path

from VI to vj. Then,

Lemma 3.5 implies that the weights of the cimdi-

date h-link paths from VI to v(i + l)L have no local

maxima with respect to the link number. This im-

plies that any local minimum must be also a global

minimum. Hence, in order to find the minimum

candidate path from V1 to v(i+l)~, it sufices tc~ find

the h locally minimizing it. Thus, we can apply

the doubling method for choosing a suitable M so

that Af ~ 2(k((i + l)L) – k(iL)). Initially, we set

M = 3. If a locally minimum weight candidate path

found by the algorithm, then it is the true minimum

weight path. Otherwise, we set M = 2M and repeat

the process.

Now, we have the minimum weight paths from

VI to Vj, for j = 1,2, . . .,(i + l)L in G(r~Pt) and

an interval J = (/3~+1, y~+l) containing roPt. We

further need all minimum weight paths anchored in

[1, (i+ l) L]. Since we have those anchored in [1, iLJ,

it suffices to find those anchored in [iL + 1, (i + l) L],

and take the minimum of them for each terminal

point. The latter operation is done in O(rz log L)

time applying parametric search based on parallel

comparison as follows.

Since we have already computed the shortest

paths from VI to each terminals in [iL + 1,(i+ l)L]

in G(rOPt ), the anchored path finding can be con-

sidered as matrix search in an n x L Monge ma-

trix. From Lemma 3.2, the minimum weight paths

contain either k((i + l)L) or k((i + l)L) + 1 links.

Hence, we only consider the paths such that the

minimum weight path between its anchor and V1

haa k((i + l)L) – 1 or k((i + l)L) links. For each

of those two link numbers, the associated minimum

weight paths are found in O(n) time applying the

matrix search, since the computation is indepen-

dent of -r. Finally, we compare them appl:ying para-

metric search. The comparison between the paths

can be done with O(L) processors and O(1) paral-

lel comparisons if the parameter 7 is given. Hence,

the associated parametric search algoritlnm needs,

O(n log L) time. (Recall that the decision algorithm

is the O(n) shortest path algorithm.)

Theorem 3.7: The minimum weight K-link diam-

eter path of a DAG with concave Mongc property

is found in O(n/_) time,

Proof: Let Mi = k(iL) – k((i + l) L). Recall

that k(n) = K from definition. The multiplica-

tion of an L x‘ L Monge matrix by a vector is done

in O(L) time [1, 2], Thus, the total time com-

plexity consumed for the matrix multiplication is

0(~~~~ Mi.L), which is O(LK).

The parametric search part needs O(n log(MiL)+

n log L + fiMi log Mi ) time in each stabge. Thus,

0( ~ log(KL) + fiK log K) time in total. Hence,

the time complexity of the algorithm is O(LK +

&“$ log n). Setting L = ~ , implies the theorem.

•1
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4. Applications

We briefly describe how to apply our algorithm to

get efficient algorithms for the five problems men-

tion in Section 1.

Application I: Maximal area inscribed K-gon of

a convex n-gon. Boyce et al. [6] showed that if

the maximal area K-gon containing a fixed vertex

is given, then the maximal area K-gon is found

in O(n log n) time using the interleaving property.

Aggarwal et al. [1] showed that the distance ma-

trix involved in computing the maximum area in-

scribed polygon has the convex Monge property.

Since finding the maximum path in convex DAG

is equivalent to finding the minimum path in con-

cave DAG, we can apply our algorithm to achieve

an O(n/= + n log n) time algorithm for the

problem.

Application II: Minimum area K-gon defined by

K-halfplanes out of n-halfplanes defining an n-gon.

This problem is the dual of the previous problem.

Thus, we can apply our algorithm to achieve the

desired time bound.

Application III: K maximum cliques in an in-

terval graph. This problem was formulated in [4]

as a minimum weight K-link path in a DAG on

n nodes, where the weight w(i, j) is the total

weight of intervals contained in the (open) inter-

val (i, j). It is easy to see that this DAG sat-

isfies the concave Monge property, and that each

edge weight can be computed in O(log n) time after

O(rrz log n) time preprocessing. Thus, we can obtain

an O(rn log n + n~x log n) time algorithm for

this problem. See [3] for reducing the complexity to

O(rn + n~xlog log n).

Application IV: Length limited Huffman Code.

The length limited Huffman code is equivalent

to the height limited Huffman tree, defined as

follows. Consider a binary tree storing n data

{21,22,..., Zn} at leaves. The probability pi that

the data zi is queried is known for each i. The Huff-

man tree is the tree with best average query time.

(See Figure 6.) The height limited Huffman tree is

the tree with best average query time under condi-

tion that the height is no more than a given par-

meter K. Larmore and Prz ytycka [14] showed that

the Huffman tree problem is reduced to the Least

Weight Subsequence problem in a concave Monge

array. It is not difficult to see that the length lim-

ited problem is reduced to a minimum weight K-

Iink path in a graph whose weights are given by the

matrix defined in [14]. Thus, our algorithm can be

applied to achieve the desired time bound.

r!ltl11

Figure 6: Huffman tree. (The numbers in leaves are

proportional to the query probability.)

Application V: Discrete quantization. Let Y =

{VI,... ,y~}and #:{l,2,..., n}~{l,2, K}., K}

be the optimal quantization of ? : {xl,..., Xn} ~

72. For an interval I, define the weighted mean

A(l) = Z,GI ~(zs)zs/ ~,e~ ~(zs). Wu [18] showed

that ~ is a non-decreasing function, and that

~j = p(T$-l(j)). Let c(l) = ~,eI $(zs)(z, –

p(I))2. Then, the error function coincides with

~~=1 C(II-l(~)). Hence, the function @ represents

the shortest K-link path in a DAG on the n + 1

nodes {O, 1,,,,, n} where the edge weight of (i, j) is

c((i, j]). It is easy to see that this graph satisfies the

concave Monge property, and that the values N(I)

and c(1) can be computed in constant time after

precomputing the prefix sums of za, ~(za ), ~(a~ )z~,

and ~(zi )z~. Hence, we obtain O(n<=) time

algorithm.
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5. Concluding Remarks

For DAGs whose weights obey the convex Monge

property, we showed how to compute the minimum

K-link path in O(na(n) log3 n) time. However, for

DAGs whose weights obey the concave Monge prop-

erty, we are able to compute the minimum K-link

path only in O(n~_) time. This is because

Megiddo’s parametric search technique requires an

efficient processor-time algorithm for computing the

single pair shortest path for these DAGs. Indeed, if

we can get an n processor polylogarithmic time al-

gorithm for computing the shortest path in the con-

cave case, then the minimum K-1ink path for DAGs

with the concave Monge property can also be com-

puted in almost linear time (i.e., within polyloga-

rithmic factors). It is also worth noting that such an

algorithm would also yield an n processor, polylog-

arithmic time algorithm for computing a Huffman

tree on n vertices without any height restriction.

Finally, note that while we have a fairly efficient

algorithm for the convex case, we do not have any

corresponding interesting applications.
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