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Matrix searching in classes of totally monotone partial matrices has many
applications in computer science, operations research, and other areas. This paper
gives the first superlinear lower bound for matrix searching in classes of totally
monotone partial matrices and also contains some new upper bounds for a class
with applications 1n computational geometry and dynamic programming. The
precise results of this paper are as follows. We show that any algorithm for finding
row maxima or minima in totally monotone partial 2n X n matrices with the
property that the non-blank entries 1n each column form a contiguous segment,
can be forced to evaluate (Q(na(n)) entries of the matrix in order to find the row
maxima or minima, where «a(n) denotes the very slowly growing inverse of
Ackermann’s function. A similar result 1S obtained for n X 2n matrices with
contiguous non-blank segments in each row. The lower bounds are proved by
introducing the concept of an independence set in a partial matrix and showing
that any matrix searching algorithm for these types of partial matrices can be
forced to evaluate every element in the independence set. A result involving lower
bounds for Davenport-Schinzel sequences 1s then used to construct an indepen-
dence set of size (M(na(n)) in the matrices of size 2n X n and n X 2n. We also
give two algorithms to find row maxima and minima 1n totally monotone partial
n X m matrices with the property that the non-blank entries in each column form
‘a continuous segment ending at the bottom row. The first algorithm evaluates' at
most O(ma(n) + n) entries of the skyline matrix and performs-at most that many
comparisons, but may have O(ma(n)loglog n + n) total running time. The second
algorithm is simpler and has O(m loglog n + n) total running time, but makes
more comparisons, namely O(m loglog n + n), than the first. © 1992 Academic

Press, Inc.

1. INTRODUCTION

The technique of matrix searching in totally monotone matrices and
their generalizations 1s steadily finding ever more applications in a wide

*A preliminary version of this paper appeared in the “Proceedings of the First ACM /SIAM
Symposium on Discrete Algorithms, 1990.” The research in this paper was partially sup-
ported by an NSERC Operating Grant.
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variety of areas of computer science and operations research, especially
computational geometry and dynamic programming problems (see
|AKMSWS87, AK90, AP88, AS87, AS89, EGGS8S8, KK90, LS90, W88], for
example). Although an asymptotically optimal linear time algorithm is
known for the most basic problem of finding row minima and maxima in
totally monotone matrices |AKMSWS87], for most of the generalizations of
‘totally monotone matrices only superlinear algorithms are known, though
until now no superlinear lower bounds have been proved. This paper gives
the first superlinear lower bound for matrix searching in two types of
totally monotone partial matrices. These types of matrices, which we refer
to as v-matrices and h-matrices, respectively, were introduced by Aggarwal
and Suri |[AS89] who used them to find the farthest visible pair in a simple
polygon. In addition, these matrix classes are natural extensions of stair-
case matrices which have applications in computational geometry and
dynamic programming problems. We also give new upper bounds for
matrix searching in a subclass of v-matrices, skyline matrices. Aggarwal
and Park [AP90] used matrix searching in skyline matrices to give faster
algorithms for solving a common problem 1n inventory control and produc-
tion planning, the economic lot-size problem, under certain assumptions.

A partial matrix 1s a matrix in which entries are either real numbers or
are blank. A partial matrix M = (M;;) is called totally monotone if for
every I <1, j <j such that all entries of the 2 X 2 submatrix, M.., M.

ij> ij
M;;, and M, ., are non-blank, whenever M;; < M;, we have M,, < M, .. A

i'jo i'j'o

totcjzlly monotjone matrix 1s a totally monotone partial matrix with no blank
entries.

We will call a totally monotone partial matrix a v-matrix (vertical
matrix) if the set of non-blank entries in each column forms a contiguous
interval. Similarly, an A-matrix (horizontal matrix) is a totally monotone
partial matrix such that the set of non-blank entries in each row forms a
contiguous interval. Finally, a skyline matrix 1s a v-matrix such that every
column’s non-blank segment ends at the bottom row. A partial matrix is a
staircase matrix if it is both a v-matrix and an h-matrix (this definition is
slightly more general than the one given in [AK90, KK90], but the
algorithms of those papers can be trivially extended to handle this defini-
tion of staircase matrix). Examples of an h-matrix and skyline matrix are
shown 1n Fig. 1, where the grey areas indicate the regions containing
non-blank entries.

Totally monotone matrices were introduced by Aggarwal, Klawe, Moran,
Shor, and Wilber in [AKMSWS87], who showed that several problems in
computational geometry could be reduced to finding the maximum or
minimum value 1n each row of a totally monotone matrix. We will use the
term matrix searching to refer to the task of finding row minima or
maxima in a matrix. Aggarwal et al. gave an O(m + n) time algorithm
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FIGURE 1

(which we will refer to as the SMAWK algorithm) for matrix searching in
n X m totally monotone matrices, yielding faster algorithms for a broad
collection of problems. Wilber [W88] used the SMAWK algorithm to get a
linear time algorithm for a dynamic programming problem known as the
concave least weight subsequence problem. Aggarwal and Klawe [AK90]
generalized totally monotone matrices to staircase matrices and showed
that additional problems of computational geometry could be reduced
to matrix searching in staircase matrices. Aggarwal and Klawe [AK90]
also gave an O(m loglog n) time algorithm for searching staircase matri-
ces of size n X m, again yielding faster algorithms for several prob-
lems in computational geometry. Klawe and Kleitman [KK90] gave an
O(ma(n) + n) time algorithm for matrix searching in staircase matrices
and extended this algorithm to handle a class of dynamic programming
problems satisfying convex quadrangle inequalities which have many appli-
cations in molecular biology and other areas (see |E88, EGG88, EGGI90,
GG89, HLR7, LS90]). The function, a(n), denotes the very slowly growing
inverse of Ackermann’s function [T75]; we give the precise definition of
a(n) in Section 3.

This paper has two main contributions. The first 1s a superlinear lower
bound for matrix searching in v-matrices and h-matrices. This 1s the first
superlinear lower bound for matrix searching in totally monotone matri-
ces. The problem of extending this lower bound to staircase matrices
remains open and requires more i1deas since we can show that our current
techniques will not suffice. The second contribution is the extension of the
staircase matrix searching algorithms of [KK90, AK90]| for totally mono-
tone staircase matrices to skyline matrices. The first yields an algorithm
which evaluates at most O(ma(n) + n) entries of the skyline matrix. For
the staircase algorithm in [KK90], Klawe and Kleitman show that it is also
possible to initialize and maintain all the necessary data-structures, result-
ing in a total running time of at most O(ma(n) + n). So far we have not
been able to extend this result to skyline matrices, and the best bound on
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total running time for a skyline algorithm we can give at this point is
O(m loglog n + n) which is achieved by extending the simpler staircase
algorithm of [AK90]. Like the staircase algorithms [KK90, Section 4], the
skyline algorithms can be modified so that they possess an evaluation
ordering property. This property 1s a type of on-line condition which 1s
essential for applications involving dynamic programming such as the
economic lot-size problem of |[AP90]. The queStion of extending the
skyline algorithms to obtain an o(mlogn + n) time matrix searching
algorithm for either v-matrices or h-matrices remains open.

In the next section we prove the lower bound for v-matrices and
h-matrices. Section 3 contains the extension of the staircase algorithm of
|KK90] to skyline matrices. Section 4 discusses the data structures needed
by our skyline algorithm and proves that the extension of the [AK90]
algorithm has O(m loglog n + n) running time. Section 4 also defines the
on-line version and shows how the [AK90] extension can be modified to

satisfy the on-line condition. The final section describes remaining open
problems.

2. THE Lower BounD

We assume that an algorithm for matrix searching in a partial matrix 1s
given as 1nput the pattern of non-blank entries in the matrix. For a
v-matrix this 1s simply the positions of the top and bottom non-blank entry
in each column. We will refer to this pattern matrix indicating the
positions of non-blanks as the structure matrix (or structure v-matrix or
h-matrix as appropriate) of the partial matrix. The algorithm may query
the value of any entry in the matrix at any time, and at the end it must
report the position of the maximum (minimum) value in each row. We will
prove a lower bound on the number of entries that must be evaluated In
the worst case.

Our strategy to prove the lower bound i1s as follows. Given a fixed
structure matrix, we define the concept of an independence set for that
structure matrix. Next we show, using a result by Wiernik, which gives an
Q(na(n)) lower bound on the left envelope of n line segments in the
plane |W86], that there is a structure matrix of size 2n X n possessing the
column interval property that has an independence set of size Q(na(n)).
Transposing this matrix gives a structure h-matrix of size 2n X n with an
independence set of size (M(na(n)). The final step is to exhibit an adver-
sary which can respond to queries in such a way that the matrix created is
totally monotone and such that any element of the independence set
which has not yet been queried i1s still a candidate, but not a certainty, for
the maximum in its row. In the remainder of this section we give the
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(a) the left envelope (b) structure v-matrix (c)theset T

FIGURE 2

definition of an independence set and show how Wiernik’s result gives a
structure matrix with the desired size of an independence set. For the

v-matrix case we construct the adversary directly from Wiernik’s result, but
this does not seem to work for the h-matrix case. ‘

Given a set of line segments /,,...,/ 1n the plane, we define their left
envelope to be the set of points {z: z € [, for some i and z is the leftmost
point in the intersection of U7_,/, with the horizontal line through z}.
Figure 2a shows a set of line segments and their left envelope. It 1s easy to
see that the left envelope 1s always the union of a finite set of line
segments. Both Wiernik’s lower bound and a recent simplification by Shor
S89] spring from the original lower bound on Davenport—Schinzel se-
quences of order 3 by Hart and Sharir [HS86]. A Davenport—Schinzel
sequence of order 3 is a sequence of letters s,,...,s, from an alphabet
of size n such that no two consecutive letters in the sequence are the
same and such that for any pair of distinct letters a, b there do not exist
indices iy <1, <i3<1i,<iswiths, =5 =5, =aands, =s, =b. In
[HS86] Hart and Sharir proved @(n a(n)) bounds for the length of
Davenport—Schinzel sequences of order 3 on n letters. It 1S easy to see
that sequence of lines appearing in top to bottom order In the left
envelope of a set of »n line segments 1n the plane 1s a Davenport—Schinzel
sequence of order 3 on n letters. Thus, by [HS86], the left envelope is
made up of at most O(na(n)) segments, and Wiernik’s construction shows
that this upper bound i1s tight. It 1S possible to construct the desired
independence set and the adversary for the v-matrix case directly from a
Davenport—Schinzel sequence of order 3 on n letters in a fashion entirely

analogous to what we will do with the left envelope. Since the construction



60 MARIA M. KLAWE

seems somewhat easier to follow using the left-envelope version, we use
that instead. |

et A be an n X m structure matrix. A subset S C{l,...,n} X
{1,..., m} is said to be an independence set for A if

(i) for every (i, j) in §, the entry A,; is non-blank, and there exists
some j' # j such that (Z, j') is also in S, and

(i1) for every i < i’ and j <J' such that both (i, j') and (', j) are in S,
we have that either A;; 1s blank or A4, 1s blank. ~

For any matrix M we will call the ordered pair (i, j) the index of the
entry M;.. Intuitively, the elements of an independence set of a structure
matrix are the indices of entries which will be potential row-maxima when
we construct the adversary giving the lower bound.

Let /;,...,[, be line segments in the plane such that their left envelope
has Q(na(n)) segments. For each i let (x{, y!) and (x, y,) be the top and
bottom endpoints of [, respectively, and let L. be the infinite line
extending /.. Suppose the line segments are ordered so that whenever
1 <J,as y goes to « the line L; 1s eventually to the left of L, We use the
line segments /, to define a 2n X n structure matrix, A, as follows. Let
wi,...,w, } = { yi: j=1,2; i =1,...,n} arranged in decreasing order.
Without loss of generahty we may assume that the {w;} are all distinct. The
ith row of the structure matrix corresponds to w; and the jth column
corresponds to the line segment /.. More prec:1sely, the top non- blank
entry 1n the jth column of A4 1s 111 the row i such that w; = y! and the
bottom non-blank entry is in the row i’ — 1 where w, = y}. A is obviously
a structure v-matrix. We now show that A4 has an independence set of size
Q(na(n)). Figure 2b shows the structure v-matrix correspondlng to the
line segments in Fig. 2a.

We start with a set 7" that is almost an independence set. The only way
in which it may fail 1s that there may be some rows in which 7 has only
one entry. Let T = {(i, j): there is some y, with w, > y, > w.,, such that
the line segment forming the left envelope at y = y, 1s [ j}. It 1S easy to see
that 4 must be non-blank at every (i, j) in 7. Suppose i <i and j </’
such that both (i, j') and (¢’, j) are in T and suppose both (i, j) and (i’, j')
are non-blank in 4. Let z be the y-coordinate of the intersection of L,
and L. Because of the ordering of the line segments and the fact that
(i,j') € T, it 1s not hard to see that we must have z > w,., and hence
z > w,. Since (i', j') is non-blank, it is impossible that (i’, j) € T, since L
lies to the left of /; for the entire interval between w;, and w; ;. Thus at

least one of (i, j) and (i, /') must be blank Figure 2¢ shows the set T for
~ the line segments 1n Fig. 2a.
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We complete the construction of the independence set S, by removing
all points from 7 that are the unique point in their row. We claim that §
has size Q(na(n)). Since we removed at most 2z points, it suffices to show
that the size of T is Q(na(n)). This follows immediately from the
observation that in any interval in which no line segment begins or ends,
each /; can occur 1n the left envelope at most once.

We now turn to the problem of constructing an adversary which will
force a row-maxima finding algorithm to evaluate every entry whose index
1S In the iIndependence set. We first define a v-matrix, M, whose structure
matrix iS A. We then prove that M 1is totally monotone. Next we will
define a set of v-matrices M7, such that each M’ has structure matrix A4
and agrees with M on all entries outside the independence set. We then
prove that each M/ is totally monotone. Finally, we construct an adversary
for the searching algorithm such that the positions of the row-maxima
cannot be known until each element whose index is in the independence
set has been queried and such that the final matrix will be M’ for some f.

Let M be the v-matrix with structure matrix 4 defined by M;; = the
maximum number of lines lying to the right of /; at any point strictly
between w; and w;,; whenever A4;; i1s non-blank. Note that M, assumes a
maximal value in row [ if and only 1if part of /; 1s in the left envelope
between w; and w,_ ;. The next lemma proves that M is totally monotone.

LemMma 2.1. M is totally monotone.

Proof. Suppose [ <1, j <j' such that all entries of the 2 X 2 subma-
trix, M;;, M,,, M,;,, and M,,, are ' non-blank, and M;; < M;,. We must

ijo iy E i'j FERS
show th]at M:, P < ]\/} . Let z iﬁ)e the y-coordinate of the] intersection of L
and L. Since j <) we know L; lies to the left of L, as y goes to .
Since M;; < M;, we must have /; lying to the right of /, at some point
strictly between w, and w,, ,. Thus we must have z > w,,, and hence
z > wy, since w; , > w,. This shows that /; 1s to the right of /, at every

point between w; and w;, ;, and hence M;;, <M,,. O

For each function f from § to the non-negative real numbers, we define
M’ to be the v-matrix such that M,J; = M;; + f(i, j) for (i,j) €S and
M/. = M;; otherwise. The next lemma shows that M’ is totally monotone.

LemMA 2.2.  For any function f from S to the non-negative real numbers,
the v-matrix M’ is totally monotone.

Proof. Suppose i <1, j <J' such that all entries of the 2 X 2 subma-
trix, MZJ;, M,J}, M} ;» and M} 7, are non-blank, and M;’;- < ngf. We must
show that M} ;< M 7. 1t none of the indices are in § this follows from
Lemma 2.1, so we may assume that at least one of the indices 1s 1n S.

Recall that, as noted above, for any (k, /), we have (k, /) in § if and only if
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M, , 1s maximal in row k of M. Since § 1s an independence set, we cannot
have both (i, ') and (i, j) in S. Moreover, Mf < Mf, implies that if (i, )
is in S then (i, j") is also. To see this see, suppose (z j') is not in S. Then

since (i, j) is in § we have M,, < M,;, but this contradicts M/ < M/,,

since M/, = M,, and M;; < M/.. Fmally, if (i, j') is in S then cither (', j)

[j — |
is also, or Ml < M/ ,. Thus it suffices to consider the cases (i, /') € S and

i'j =
(i',j) € 8S.

Suppose we have (i, j') € §. This implies that M;; < M, - since M, is

maximal in row ; of M, and hence M;; < M, by Lemma 2.1. In addition,
M}, = M, since (i,j') € S implies (z )%S and M,, < M}, since f

{ [
only assu;‘nes non-negative values. Combining this glves M/, {_<__ M/. as
desired. Now suppose (i’, j) € S. Let z be the y-coordinate of the inter-
section of L; and L. Since (i’, j)) € S we must have w, > z, and hence /,
lies to left of L at every point between w;, and w,, ,, contradicting the

assumption M,f; < M/,, and completing the proof 0

We are now ready to define the behaviour of an adversary for any
row-maxima finding algorithm on v-matrices with structure matrix A.
When the algorithm queries the entry with index (i, j), the adversary will
respond with M;; for (i, j) € S and M;; + k + 1 for (i, j) € §, where k is
the number of entries with indices in S that the algorithm has queried so
far. By Lemma 2.2 the matrix produced by the adversary is totally
monotone. Moreover, if (i, j) is some unqueried index in S, the adversary
could answer either M;; or M;; + |S| and still produce a totally monotone
matrix. Since S has at least two indices in row i, the question of whether
M;: 1s a row-maxima cannot be answered without evaluating it. "This shows
that the algorithm must evaluate |S| = Q(na(n)) entries of the v-matrix in
order to determine the positions of the row-maxima.

We now turn to the proot of the lower bound for the h-matrix case. Let
A, T be the transposed versions of the structure matrix and “pre-indepen-
dence set” from the proof for the v-matrix case. Clearly 4 1s a structure
h-matrix. As betore, let § be the set obtained by deleting any element of T
which 1s the unique element of 7 1n i1ts row. It 1s easy to check that § 1s an
independence set for A4 because property (i1) of the the definition of
independence set 1s invariant under transposition. It would be convenient
if transposing the matrix M resulted in a totally monotone h-matrix.
Unfortunately this 1s not generally the case, and we are forced so seek
another construction for a totally monotone h-matrix with S as its set of
potential row-maxima. ‘

We first define S; = {j: (i, j) € S}. Similar to the proof in the v-matrix
case we will construct an h-matrix M with structure matrix 4 such that

for each function f from S to the non-negative reals, the matrix M/’
defined by M/, =M, for (i,j) ¢S and M/ = |S;| + f(i, ) is totally

L]
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monotone. Given M, the adversary which forces a row-maxima finding
algorithm to evaluate each entry with an index in S 1s completely analo-
gous to the v-matrix case. The construction of M takes a bit more work 1n
this case than in the v-matrix case. For each i let 4, = {j: 4;; is non-
blank}. We begin by defining a partial order on each A..

Let j,)’ € A.. We define a relation o, on A, by j o, j' 1t any of the
following hold:

i) (i,)) & Sand (i,j') € S.
(ii) Neither (i, j) nor (i, ') are in S, ] <j' and for some h <i we
have (&, j') € § and A, ; non-blank.

(jii) Neither (i, j) nor (i, ;') are in S, j/ <j and for some i’ > i we
have (i’, j') € S and A,;; non-blank.

Let < be the transitive closure of o,
there ex1st JosJis---sJx €EA; With j =j, o, J,

.e., j <, Jj if for any k > 1
ai . . e Cxijk xj’.
ReEMARK 2.3. Whenever p,q € A, with p <, q we have (i, p) & S.

Proof. This follows immediately from the observation that whenever
p,q € A, with p o, g we have (i, p) € §. O

LEMMA 2.4. Suppose A is a structure h-matrix. Then <. is a partial
order on A,.

Proof. Since <, 1s obviously transitive, it suffices to show that we
cannot have j <, J for any j in A,. Suppose the contrary. Let £ > 1 and
Jos Jis -+ Ji € A such that j =j, «, ]1 : QL ]k = J, and suppose
that j and k are chosen so that k 1s minimal, 1.e., whenever j, o
Ji o Ay g =Jo we have k' > k. It 1s easy to check from the defini-
tion of o that we never have ;' o, j' for any ' € A4,. It 1s also not hard
to see that we cannot have j o j°' o, j for any pair j,J' iIn A.. To see this,
suppose without loss of generality that j <j'. Then 1n order to have j o,
j’ a; J, we must have some h < i such that (A, j') € § and A4,; non-blank,
and some I’ > i such that (i’, j) € § and A;; non-blank. However, this
contradicts the independence of S since we have h <1, j <j with both
(h,j') and (i’,j) in S and both Ay, and A, non- blank. Thus we may
assume that k > 3, and that j, <j for s = 1 ., k — 1. Also, note that
(i,j.) is not in S for 0 <s < k. This is obvious for 0 <s <k -1, by
Remark 2.3, and also for s = k since j, = j,. Thus whenever j <j .,
there is some h, < i such that (h,j,,,) € S and A4, ; is non-blank, and
whenever j. > j.., there is some i, > i such that (i, j..,) € S and A;
1s non-blank.

Let s be maximal such that j, <j.. Then j, <J.,; <J; <J,, and hence
hy <i<i,both (h,,j,;) and (i, j..,) are in S, and both 4, . and A,

ho Jo Ig )
are non-blank. Moreover, since A has the row interval property and

S
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j() < js+1 < jl < js!' we have A
independence of §. O

, . and A, . non-blank, contradicting the
0Js+1 Ls J1

If for:=1,...,n we have a linear order <, on each A, we detine the
canonical partial matrix generated by the { <.} to be the matrix M with
M;; = the position ot j in the <, ordering of A4; if A4;; 1s non-blank, and
blank otherwise. We will say that a set (<. <.isa partlal order on A} is

consistent 1f whenever j,j' € A; with j <j and j <, J', for every 1" > i
and j,j' € A, we have j <, J.

ReEMARK 2.5. If the linear orderings {<;} are consistent then the
canonical partial matrix generated by the { < ;} is totally monotone.

Proof. This tollows immediately from the definition of total mono-
tonicity. O

Suppose <. 1s a partial order on A, and j,j are incomparable
elements of A4, with j <j'. We define the partial order < ;(}, j’) on A,
to be the extensmn of <, obtalned by adding the relation j <; J, and
similarly define the partlal order < ~(j,j') on A, to be the extensmn of
< . obtained by adding the relation j' <; jJIf P={<_:s=1,...,n} we
use P7(j,j') and P7(j,j') to denote the sets obtained by repiacmg < . in
P by <7(j,j") and < 7(J, J'), respectively.

LEmMMmA 2.6. IfP={<_:s=1,...,n} is consistent and j, j' are incom-
parable elements of A, with ] < ', then at least one of P (], ]') and P”(j, ')
must be consistent.

_ Proof. Suppose not. Since P7(j, ') is not consistent, there is some

i’ > 1 with j,j’ € A, and j' <, j. Similarly, since P, (j, j') is not consis-
tent, there is some h <i with j,j’ € 4, and j <, j', but this contradicts
the consistency of P. O

CoroLLARY 2.7. If P ={<, s =1,...,n} is consistent then there is a
consistent set P’ of linear orderings extending P.

Proof. This follows immediately from Lemma 2.6. O

LemMma 2.8. Suppose A is a structure h-matrix, and j,,...,J, € A, with
jpa; 0 o je. Then if (jo—j._)Nj, —Je_1) <0 for each s = 2,...,
k — 1, then j, cannot lie between j,_, and j, fors = 2,..., k — 1.

Proof. First suppose j, <j._;. This implies that j _, <j for each
s =2,...,k — 1. Thus 1t suffices to show j, <j._, for each s = 2,..., k.
The proot 1s by backwards induction on s. This holds for s = k since we
assumed j, <J,_q, SO suppose 3 <s <k and j, <j,_,;. Since j,_, A,
j,_, there is some h <i such that j _,,j._, €A, and (h,j _,) € S.
Similarly as j,_, o, j, there 1s some " > such that j,_,,j, € A, and
(i',j.)e S If j,>j._, then j, € A, because 4 has the row interval
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property and j,_, <Jj, <J._;. This contradicts the independence of S.
The argument tor the case j, > j, _, 1s symmetric. O

LEmMA 2.9. Suppose A is a structure h-matrix, and j,, ..., J, € A, with
jp o o o, j,., where k > 2. Let p be minimal such that (j, —J._ 1)(]k
Jr_1) >0 for all s with p <s < k. Then j, lies between j, | and j, for
s=1,...,p. '

Proof. The proof 1s by induction on k. It is obviously true for k = 2 so
assume k > 2 and that the hypothesis holds for £ — 1. Let g be minimal
such that (j, —j._)Jj,_; —Jr_,) > 0forall s with g <s < k — 1. With-
out loss of generality suppose j, <j,_;. If p <k — 1 it is easy to see that
statement holds since clearly p = g. Thus suppose p = k. This implies
that (j. —j._)NJ, —J._4) <0 for s =q,...,k — 1. Now by Lemma 2.8,

we have that j, <j _, for s =gq,..., k and the interval | j,, j, _,] contains
the interval [j,_,,j.]for s = q,..., kK — 1. This completes the proof as the
interval [j_ _,,j,] contains all the j. for s =1,...,q by the induction

hypothesis. O

CororLLARrRY 2.10. Suppose A 1s a structure h-matrix, j,,...,J, € A,
with j, o, -+ o, J,., where k > 2. Then j, 1s either the maximum or

minimum of {j.: 1 < s < k}.

Proof. Let p be as in Lemma 2.9. Without loss of generality suppose
Jpo1 <Jp, < =0 <Jp—1 <Jp- It p=72 we are done, so assume p > 2.
Then j,_, <j, so by Lemma 2.9 we have j, <j, for1 < s <k — 1. O

LemMmA 2.11. Suppose x,y > 2, a; < --- , b, < -+ <by,a,<
b, and a, < b,. Then there exist u, v with 2 < u <x 2 < v <y such that
au 1__<__b <a,<b, ;.

Proof. Choose u, v > 2 such that b, <a, and such that a, — b, 1
minimal. It 1s always possible to do this since b, <a, and x, y > 2, and
clearly by the minimality of a, — b, we have a, ;| < b <a,<b, ,. O

THEOREM 2.12.  Suppose A is a structure h-matrix. Then the set { < ;} is
consistent .

Proof Suppose there exist 1 <1i', j <j such that j,j’ € A, " A, and
j=<.J, J <. Jj. Then there exist k, k', j,,..., JisJ1>--->Jp» SUcCh that
j=J, ;- o =7 and j =j; a, - &, i =J. Moreover, since
] <" by Corollary2.10we have J* > J, fors =1,...,k — 1and j <jJ, for
s=2,...,k'. Let p be minimal with (j. —j._)(j, —Jj._;) > 0 for all s
with p < s < k, and let p’ be minimal with (j! — j._ )ji. — ji.._{) > 0 for
all s with p" <s <k’. By Lemma 2.9 we have j, , <7j,Jj, | <J, <J,41
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< s < g <Up=JsT SJp_pand j =g <jJp_ < o < <Jo_i.
Now by Lemma 2.11 there exist u, v suchthat j,_, <j <j, <Jj _,. Now
since j,_, <j,and j,_, o, J, , there1s some h < i suchthatj,_,,j, € A,
and (A, j,) € S. Moreover, as A is a structure h-matrix, j; must be in A4,
also. Likewise, as j| _; >j and j, _, o.j , there is some r > 1" such that
Ji_1,J, €A and(r,j ) € S. Finally, as A is a structure h-matrix, j, must
be in A, also. Combining all thiswe have h <i <i' <vr,j <j , (h,j ) E
S, (r, ]U) e S, and both (4, j/) and (r, j,) are non-blank, contradicting the
independence of §. O

By Corollary 2.7, there is a consistent set, { < .}, of linear orderings that
extends the set { <. of partial orders. Let M = (M, ) be the canonical
partial matrix generated by the { < }. By Remark 2.5, M 1s totally mono-
tone. Thus M 1s an h-matrix with A4 as its structure matrix. Recall that for

any function f from S to the positive reals, we define the matrix M’ by
MJ. = M,; for (i, j) & S and M/, = |S;| + f(i, j) otherwise.

THeEOREM 2.13. The partial matrix M’ is totally monotone.

Proof. Suppose i <1', j <j such that all entries of the 2 X 2 subma-
trix, M/, M/, M}, ; and M} 7> are non-blank, and M/ < M/,. We must
show that M/, < M} .. There is nothing to prove if none of the 1ndices are

In S since M ]1s totally monotone. Also note that if exactly one of indices
In a row 1s 1n S then the relationship between the two entries in that row
is the same in M and in M. This is because if j, j/ are in A, with j € §
and j' & S, we have j/ <. j, which implies j/ <, j and hence Mj; M, <
M;; < M}; . It 1s not hard to see that this 1mphes that we may restrict our

attention to the two cases (i,/),(i,j)) € S and (', j), (', j) & §; and
(i, )),,j )& S and (', )), 0", j') e S. Suppose (i,j),(i,j) e S and
(', j),(i’, j') & S. Then by the definition of a, we have ja,j" and hence

M;. < M, ,. The argument for the other case is analogous. O

As we noted at the beginning of the proof for the h-matrix lower bound,
given Theorem 2.13 the remainder of the proof of the lower bound for
h-matrices can now be completed along entirely analogous lines as the
proot for the v-matrix case.

3. THE MATRIX SEARCHING ALGORITHM FOR SKYLINE MATRICES

In this section we extend the almost linear time row-minima finding
algorithm of [KK90] to skyline matrices. The algorithm can trivially be
converted to a row-maxima finding algorithm for skyline matrices. In the
case that a row has more than one entry with the minimum value, we
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follow the usual matrix searching convention of using the term row-mini-
mum to mean the leftmost entry with the minimum value.

Recall that a skyline matrix 1s a v-matrix in which every non-blank
column segment ends at the bottom row. The extension of the staircase
algorithm follows from the following observation. Suppose that, given
some particular type of partial totally monotone matrix, we choose a
parameter ¢ and let g (¢, n, m) denote the worst-case number of compar-
1sons between matrix entries needed to find the row-minima of any of this
type of partial matrix with at most n rows, m columns, and parameter
value at most ¢. Then if this function g (¢, n, m) satisfies the three key
propositions in [KK90], namely Lemma 2.1, Corollary 2.4, and Theorem
2.6, it will also satisfy Theorem 2.9, i.e., g.(n,n,m) = O(ma(n) + n).
Moreover, if as in [KK90] each of the propositions is proved by means of
an algorithm, these algorithms can be combined to provide a row-minima
finding algorithm using O(ma(n) + n) comparisons.

For simplicity and completeness we restate the three key propositions
from [KK90]. We define the functions L,(n) for i = —1,0,1,2,... recur-
sively as follows. L _,(n) = n/2,and for i > 0, L,(n) = min {L}_,(n) < 1}.
Thus Ly (n) = [lognl, L,(n) is essentially log*(n), L,(n) is essentially
log**(n) etc. We now define a(n) = min{s: L (n) < s}.

ProrosiTioN 3.1 (Lemma 2.1 in [KK90]. For any positive integer a we
have

qg.(n,n,m) <q.(n/a,n,m) + O(am + n).

ProrosiTioN 3.2 (Corollary 2.4 in [KK90]. For any positive integer a we
have

qg.(n,n,m) <q.(n/a,n/a,m) + O(am + n).

ProposiTION 3.3 (Theorem 2.6 in [KK90)]). There is a constant c,

such that for s>0 we have q n,n,m)<c(m + nL(n)) +
max{L*_.q.(n./L._(n),n,m):. L<_n,<nL(n) and L _m, <m +

nlL (n)}.

For M a skyline matrix, we will say that row i 1s a top row 1f 1t 1s the top
row of some column’s non-blank segment. A skyline matrix M 1s said to be
of shape (¢, n, m) if it has at most ¢ top rows, at most n rows, and at most
m columns. We will denote the worst case number of comparisons be-
tween matrix entries needed to find the row-minima of a skyline matrix of
this shape by g .(t, n, m). Proving that the three propositions above hold
for this definition of the function gq_., provides an O(ma(n) + n) upper
bound on the number of comparisons needed to find row-minima i1n
skyline matrices. The proofs of Propositions 3.1 and 3.3 are very similar to
those in [KK90] for staircase matrices, but the proof of Proposition 3.2 1s a
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Stepsize a approximation M , a-border matrices

FIGURE 3

bit more subtle than the proof of the corresponding result for staircase
matrices. Thus we sketch the proof of Proposition 3.1 to indicate how the
arguments must be modified for skyline matrices, give a complete proof of
Proposition 3.2, and omit the proof of Proposition 3.3.

In order to translate the proofs for staircase matrices to skyline matrices
we need to give the appropriate definitions of various terms 1n this setting.

For each column j of M let ¢(j) be the top row of the non-blank
segment. For each i, the ith slice of M is the set of columns {j: t(j) = i}.
For i < k and j < [, we will use the notation M|, k; j,[] to denote the
skyline matrix obtained by taking the intersection of rows i,...,k of M
with columns j,...,/ of M. For any positive integer a, we define the
stepsize a approximation of M to be the submatrix of M obtained by, for
each j with ¢(j) < aln/a], truncating the non-blank entries in column j
so that the non-blank segment begins at row alt#(j)/al, and for each j
with #(j) > aln /a] replacing all the entries in column j with blanks. We
denote the stepsize a approximation of M by M_ . An example 1s illus-
trated in Fig. 3. Clearly M_ is a skyline matrix of shape (|n/al, n, m). We
next define the a-border matrices of M, which we denote by M(a, i) for
i =1,...,In/al. M(a,i) is the skyline matrix with at most ¢ — 1 rows
whose non-blank entries are the non-blank entries of M in rows (i — 1)a
+ 1,...,min(ia — 1, n) which are blank in M_. An example of a-border
matrices 1s also illustrated in Fig. 3. We will denote the set of a-border
matrices of M by I'(M,a). It is easy to see that the skyline matrices
M ,M(a,1),...,M(a,|[n/al) disjointly cover the non-blank entries of M.
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Given these definitions, the proof of the first proposition is identical to the
proof of Lemma 2.1 in [KK90].

ProrosiTiON 3.1. For any positive integer a we have
q.(n,n,m) <q.(n/a,n,m) + O(am + n).

Proof. Let M be a skyline matrix of shape (n, n, m). Since the stepsize
a approximation M, is of shape (n/a,n,m), it can be processed in
q(n/a,n, m) time. Since the total number of non-blank entries in the
a-border matrices M(a,i) for i = 1,...,|n/a] is less than am we can
process these border matrices in O(am) time. Finally in O(n) comparisons
we can compare the row-minima found in M, with the row-minima found
In the a-border matrices, and hence determine the row-minima of M. O

The prootf of the second proposition requires a little more care than the
corresponding proposition for staircase matrices.

ProrosITION 3.2. For any positive integer a we have
qg.(n,n,m) <q.(n/a,n/a,m) + O(am + n).

Proof. Let N be a skyline matrix of shape (n, n, m). By the proof of
Proposition 3.1 1t suffices to show that finding the row-minima of the
stepsize approximation matrix N, can be reduced to finding the row-
minima of a skyline matrix of shape (n/a,n/a, m) in O(m + n) time. Let
M = N, and, for each j, let ¢t(j) be the row such that the non-blank
segment of column j of M begins at row ¢(j). Let S be the |n/a] X m
skyline matrix where §; ; = M, ; if 1(j) < (i — 1)a and is blank otherwise.
Let s(i) be the column containing the minimum value in row i of S, and
let d(i) be such that M, ,; is minimal among the M, ; such that
t(j) = ai. Finally let p(i) be the column containing the minimum value in
row ai of N. Note that p(i) must be either s(i) or d(i). Note that S is a
skyline matrix of shape (n/a, n/a, m). Thus it suffices to show that given
the {s(i)}, the row minima of the rows of M_ can be found in O(m + n)
fime.

We first note that we can find the d(i) in at most O(m) time since we
only need to look at one entry in each column. Let r = |n /a]. For each
i=1,....,r+ 1 let J(i) be the set of columns {j: s(i) <j <pli — 1),
t(j) <a(i — 1), and j < s(k) for each k < i such that #(j) < a(k — 1)},
where we adopt the convention that p(0) = m and s(r + 1) = 1. The
intuition behind the definition of J(i) is as follows. As a result of
determining all the values d(k) and s(k), we will know that some of

the columns cannot contain any of the minima in rows a(i — 1) +
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1,...,min(n,ai — 1) of M. We will see that set J(i) is precisely the set of
columns that are still candidates to contain the minimum values 1n these
rows. Let A(i) be the matrix consisting of the intersection of rows
ai — 1)+ 1,..., min(n,ai — 1) of M with the columns in J(i). An exam-
ple 1s shown 1n Fig. 4.

We claim that each A(i) is a totally monotone matrix containing all the
row minima in rows a(i — 1)+ 1,... min(n,ai — 1) of M, and

YIHHJ)] <m + r + 1. We now prove this claim. It is easy to see that
each A(i) is a totally monotone matrix, since j in J(i) implies that column
j has no blank entries in rows a(i — 1) + 1,..., min(n, ai — 1). We now
show that A(i) contains all the row minima in rows a(i — 1) +
1,...,min(n,ai — 1) of M. In other words, for each j not in J(i), and
a(z — 1)+ 1 <h < min(n, ai — 1), we must show that M, ; is not a row
minima. If #( ]) > a(z — 1) then ¢(j) > ai so M,, ; is blank, and hence not
a row minima. Thus we may assume #(j) < a(i — 1). Now by total mono-
tonicity, if j < s(i) then we must have M, , > M,  , and if j > p(i — 1)
then we must have M, . , <M, ; so in either case M, ; i1s not a
(leftmost) row minima. Finally, suppose j > s(k) for some k < i such that
t(j) < a(k — 1). Again by total monotonicity we have M, . > M, ., so
again M, ; 1s not a row minima.

We now show that X771 |J(i)| < m + r + 1. It suffices to show that for
i <1, the sets J(i) \ {s(:)} and J(i") are disjoint. Suppose j belongs to
both J(i) and J(i’). Then since i < i’ and #(j) < a(i — 1) because j is in
J(i), we must have j < s(i) because j is in J(i'). However, j in J(i) implies
' > s(i7) and hence j = s(i).
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The proof 1s completed by observing that applying the linear time
SMAWK algorithm of [AKMSWR87] to find the row minima of the A(i)

requires at most O(n + L/X1J(0)]) = O(m + n) time. O

4. DATA STRUCTURES AND THE ON-LINE VERSION

As 1n [KK90], the proofs of the three propositions in the preceding
section actually provide a row-minima finding algorithm for skyline matri-
ces that uses O(ma(n) + n) comparisons between matrix entries. How-
ever, In order to bound the total running time of this algorithm, we need
to consider the time needed by the algorithm to initialize and maintain
appropriate data structures. In [KK90] it is shown that for staircase
matrices this can be done 1n time linear 1in the number of comparisons,
thus yielding an O(ma(n) + n) bound on the total running time. Unfortu-
nately the situation for skyline matrices seems to be more complicated,
and so far the best bound on total running time that we have been able
to achieve 1s O(mloglogn + n), using a simpler row-minima finding
algorithm for which the bound on the number of comparisons i1s also
O(m loglog n + n). We now sketch how this bound is obtained, beginning
with a description of the data structures used. At the end of this section
we sketch how to modify this simpler row-minima finding algorithm so that
it satisfies the on-line constraint needed for dynamic programming appli-
cations, while retaining the O(m loglog n + n) bound on the total running
time. By moditying the more complicated algorithm, one can obtain an
on-line algorithm using O(ma(n) + n) comparisons, but the best total
running time we can achieve for that algorithm at this point is only
O(ma(n)loglog n + n).

The data structures used are fairly similar to those described in [KK90]
for staircase matrices. We represent each skyline matrix as a sub-skyline
matrix of some large totally monotone matrix U, using the following set of
data structures.

Integer variables #ROW and #COL containing the number of rows and
columns respectively. * '

An array, R, of length #ROW, where R|i] contains the number of the
row of U which contains the ith row of M, and a ﬂag mdlcatlng whether
or not the ith row of M 1s a top row of M.

An array C of length # COL which contains the column information for
M. More precisely, the ith item in C contains the number of the column of
U which is the ith column of M and the number ¢(i) of its top row. For
simplicity we will abuse our notation and use Cli] to denote the number of
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the column of U which 1s the ith column of M. We will always have
C[1] < -+ < C[m], where m is the number of columns of M.

A set of doubly-linked lists linking together, 1n left-to-right order, the
columns with the same top row. We will refer to the linked list of columns
with t(i) = j as the jth top-row list. .

A pointer array T of length #ROW with T|/j] containing a pointer to
the first item 1n the jth top-row list if j 1s a top row, and null otherwise.

The output information will be stored in a pointer array of length
#ROW named MIN. For each i, the entry MIN|:] will contain a pointer to
the p(i)th item of C, where the p(i)th column of M contains the
minimum value of the ith row of M.

Two key problems that arise 1in trying to maintain the data structures
during the operation of the algorithm are as follows. First, when we form
border matrices, we can use the top-row lists to determine which columns
are in each border matrix, but we will need to resort the sets of columns in
each border matrix to obtain the correct ordering for the column array.
This can be done 1n linear time 1n the number of rows and columns, 1f we
first determine to which border matrix each column will belong, and then
bucket sort the columns (taken in their left-to-right order) into buckets
according to border matrix. For on-line variants it may or may not be
possible to do this, depending on whether the structure of the matrix (i.e.,
the values of the top rows) is specified as part of the initial input. For the
case of the algorithm below, we use a multi-radix sort since we will be able
to assume that the number of columns 1n each border matrix 1s bounded
by a polynomial 1in i1ts number of rows. A similar problem arises In
constructing the top-row lists for stepsize approximation matrices, but it
can be handled in the same manner.

A more serious problem is how to determine the sets of columns, J(i),
needed in the algorithm specified in the proof of Proposition 3.2. The best
approach we know 1nvolves the use of priority queues and would require
O(m loglog n + n) time to obtain the J(i), resulting in a total running
time of O(ma(n)loglog n + n). In order to eliminate the a(n) factor in
the bound on the running time, we revert to a simpler algorithm with a
bound of O(mloglogn + n) on the number of comparisons made
and show that for this algorithm the time needed to initialize and main-
tain the data structures 1s of the same order as the number of compar-
1Isons made. The algorithm we use 1s essentially the skyline variant of the
O(m loglog n + n) algorithm for staircase matrices given in [AK90], in the
same sense as the algorithm discussed 1n Section 3 1s the skyline variant of
the staircase algorithm in [KK90]. The algorithm is obtained by applying
the algorithm 1n the proof of the following proposition recursively. Let
qg(n,n,m) denote the total time needed to find the row-minima of a
skyline matrix of shape (n, n, m).
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ProprosiTION 4.1. We have
g(n,n,m) <O(m+n) + L, mia(Vn,vn,m),

where L, _; ji4+2M; < M.

Proof. Let N be a skyline matrix of shape (n, n, m). We first note that
if m > n* then we easily can find the row minima of N in O(m + n) time.
This 1s done by partitioning the columns of N according to their top row,
yielding at most »n rectangular matrices. Now we apply SMAWK to each
of these rectangular matrices to find their row-minima and finally obtain
the row-minima ot N by comparing the row-minima from the rectangular
sub-matrices. Since the columns 1n the sub-matrices are disjoint, the total
time is O(n* + m) = O(m).

Thus we may assume m < n”. For this case the algorithm is basically
similar to that in the proof of Proposition 3.2. Let a = |Vn |. Given the
row-minima of the a-border matrices and of the stepsize approximation
matrix, N, in O(n) time we can determine the row-minima of N. It is
straightforward to create the data structures for the a-border matrices in
O(m + n) time from the data structures of N, except for the problem
noted above of obtaining the left-to-right order of the columns in each
border matrix. However, since m < n® we can use an O( Vn) time multi-
radix sorting algorithm to sort the columns of each border matrix accord-
Ing to their position in N. Similarly the data structures of N, can be
created from the data structures for N in O(m + n) time, using a
multi-radix sort to obtain the top-row lists.

Since each a-border matrix is of shape (Vn ,Vn , m -), since there are at
most Vn + 2 of them, and since their columns are disjoint, it suffices to
show that the total time needed to find the row-minima of N, is O(m + n).
Let M, t()), S, s(i), p(i), J(i), and A(i) be as in the proof of Proposition
3.2. As we noted in proving Proposition 3.2, given the s(i), the total
additional time needed to find the p(i) is O(m + n). Moreover, given
A(i) and the appropriate data structures we can use SMAWK to find the
row-minima of the A4(i) and hence of M in O(m + n) time. As described
in [AK90], the necessary data structure for applying SMAWK to each A(i)
is a doubly-linked list of the columns of A(i) in left-to-right order. Since
we can also use a multi-radix sort to get the left-to-right order of the
columns of the A(i), it suffices to show how to obtain the sets of columns,
namely the J(i). Thus we must show how to find the s(i) in O(m + n)
time and, given the s(i) and p(i), how to obtain the J(i) in O(m + n)
time.

It 1s trivial to construct the data structures for § from the data
structures for M = N, in O(m + n) time. Moreover, finding the s(i) is
easy since, like the case where m > n?, we can partition S into O(V/n)
column-disjoint totally monotone matrices (i.e., according to their top row)
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and apply SMAWK to each of these matrices. For each row of § we
compare the O(Vn) possible candidates for row-minima to find the
minimum value. Since S has O(V/n ) rows the total time used is O(n + m).
Thus we have reduced the problem to the final task of producing the
J(i), given the data structures for M and pointers to the s(i) and the p(i)
for each i. Recall that J(i) = {j: s(i) <j <p(i — 1), t(j) < a(i — 1), and
j < s(k) for each k <i such that t(j) <a(k — 1)}, and let TR(k) =
{j: t(j) = a(k — 1)}. Thus TR(k) is the set of columns with the top row
‘equal to k in S. Let J(i), = J(i) N TR(k). We have J(i) = N, _, .;J(),,
and we obtain J(i) in increasing order of i by examining the top-row lists
of S to find the members of each J(i), for 2 < k < i. In order to do this
efficiently we keep track of the variable s*(i) = min{s(j): 1 < < i} and
maintain a pointer into each of the top-row lists of § to the largest
numbered (i.e., rightmost) column in each top-row list which is smaller
than (i.e., to the left of) s*(i). In order to find the columns in J(i), we
begin at the column pointed to in the kth top-row list and walk back,
inserting columns into J(i), until we encounter a column with a smaller
index than s(i). We then reset the pointer to that column. This procedure
may take O(Yn + m) time for the cases i = 1,2 because of the need to set
the pointers into the top-row lists; but for each ¢ > 2 it 1s easy to see that
the time used to create J(i) is O(Wn + |J(i)]). Since L,[J())| = O(m + n)
as proved in Proposition 3.2, the total time is thus O(m + n), as desired.
]

We now turn to defining an on-line version of matrix searching for
skyline matrices that 1s needed for dynamic programming applications
- [AP90]. '

Foreach jwithl <j <mlet b(j) = max{0, t(i): 1 <i < n, t(i) < t(j)}.
We will call row b(j) the foundation row for column j. Note that if we
adopt the convention that the Oth row i1s a top row which contains only
blanks, then the foundation row for a column is the highest numbered top
row with which the column’s intersection is blank. Recall that the ith slice
is the set of columns {j: #(j) = i}. Note that the ith slice is non-empty if
and only 1f row 1 1s a top row. We will call a row-minima finding algorithm
for skyline matrices on-line if it satisfies the following constraint:

For each j with b(j) > 0, the algorithm always determines the minima

of rows 1,...,b(j) before querying values of the non-blank entries in
column j.

In general we assume that an on-line algorithm does have the informa-
tion specifying the structure matrix at the beginning of the computation,
and so the only restriction 1s on the order of evaluation of entries in the

skyline matrix. This assumption is consistent with the requirements of the
applications to dynamic programming.
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In [KK90] it was shown how the O(ma(n) + n) algorithm could be
modified to satisfy the on-line constraint above, but in order to make the
modification work 1t was necessary to prove that the algorithm satisfied an
additional constraint. Klawe and Kleitman referred to an on-line row-
minima finding algorithm for skyline matrices as ordered if it also satisfied
the constraint that it used no information about the columns in the ith
slice until after the minimum in row ¢ — 1 had been found. Thus when an
ordered algorithm begins processing the staircase matrix M, the only
mnitial information 1t has is the set of rows of M (i.e., the information in
R), and the column information for the first slice. The techniques from
[KK90] can be used to modify the skyline algorithm discussed in Section 3
to obtain an ordered skyline algorithm using O(ma(n) + n) comparisons,
but since the bound on total running time for this algorithm i1s worse, we
concentrate on showing how to modify the simpler algorithm of this
section to obtain an on-line algorithm with O(m loglog n + n) total run-
ning time. Since the ideas are also largely based on [KK90], we merely
provide a sketch, emphasizing the points where the skyline case needs
more care.

Let us call the algorithm obtained by recursively applying the procedure
described 1n the proof of Proposition 4.1 the AK algorithm. In order to
make the AK algorithm an on-line algorithm we must change the structure
of 1its recursive calls. Let us refer to the finding of the row-minima of a
skyline matrix as the processing of that skyline matrix. In order to convert
the AK algorithm into an on-line algorithm we must interleave the
processing of S (i.e., finding the s(Z) and the p(i)) with the recursive calls
to process the border matrices, and the processing of the A(i) by the
SMAWK algorithm. It 1s fairly straightforward to see how to do this, but it
may be helpful to examine the example shown in Fig. 4 while following the
discussion below.

We begin by running the on-line version of the AK algorithm on the top
border matrix. After this has finished we examine the appropriate entries
in row a of N to find d(1) = p(1). We can do this since at this point we
have tound all the row-minima for rows less than a. We next start
processing S to find s(2). Specifically, we run SMAWK on the rectangular
matrix consisting of the columns in S which have 2a as their top row.
Since each of these has its top row in N less than or equal to a, its
foundation row 1s less than a and hence we may evaluate any entry in this
rectangular matrix at this time. After finding s(2), we can obtain the set
J(2), and hence the matrix A(2). Since each column in J(2) has its
foundation row less than a, we can evaluate any entry in A(2) at this
point, and hence can use SMAWK to find 1ts row-minima. Next we
process the border matrix which 1s second from the top using a slight
modification of the on-line version of the AK algorithm. The modification



76 MARIA M. KLAWE

1s that whenever we have computed the minimum value of a row 1n this
second border matrix, we immediately compare it with the corresponding
minimum for A(2) to determine the minimum value for that row in N. We
are now ready to determine d(2) and hence p(2), then continue processing
S to find s(3), then A(3), then the third border matrix, etc. We continue 1n
this way until we have determined all the row-minima of M.

5. OrEN PROBLEMS

There are many interesting problems in matrix searching which remain
open (see [AP88], for example). In this section we restrict ourselves to
problems related to upper and lower bounds for matrix searching In
partial matrices. The first obvious group of problems concerns closing the
gap between the current upper and lower bounds for the partial matrices
discussed 1n this paper. Specifically for staircase and skyline matrices we
have O(ma(n) + n) upper bounds ([KK90] and this paper, respectively)
for the number of evaluations made in searching matrices of size n X m
but only linear lower bounds. For skyline matrices, it would be interesting
to find an algorithm with an O(ma(n) + n) bound on the total running
time (as instead of on the number of comparisons). For v-matrices and
h-matrices there are fairly straightforward O(m log n + n) upper bounds
[AS89] and lower bounds of ((na(n)) (this paper). It would be interesting
to improve these lower bounds to (M(ma(n)) for the case m > n. Another
problem which seems to be difficult 1s to find a better upper bound for
horizontal skyline matrices, 1.e., h-matrices in which each row’s non-blank
segment starts in the first column. Finally, by deleting some of the rows of
the matrix, the techniques of this paper yield an Q(na(m)) lower bound
for finding row-minima 1n totally monotone v-matrices and h-matrices of
size n X m for any n < m. It seems likely that the stronger lower bound of
O (ma(n)) should hold, although we see no obvious route to a proof.

A completely different direction involves Monge matrices [AP88]. These
are matrices which satisty the condition, for every i <i’, j < such that
all entries of the 2 X 2 submatrix, M;;, M;,, M., and M, ., are non-blank,
we have M; + M,. > M,, + M,.. It 1s easy to see that Monge implies
totally monotone matrices but the reverse 1s not true. In most applications
of totally monotone matrices, the matrix in question 1s actually Monge, so
1t would be worthwhile to obtain a superlinear lower bound for matrix
searching of Monge matrices.

Finally, there are a number of open problems concerning the techniques
used to prove the lower bound for h-matrices. First, 1s it possible to find a
simpler construction of the matrix M directly from the line segments and

their left envelope as was done 1n the v-matrix case? Next, for any
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structure matrix A4 with an independence set S, one can define the
relations { oc;} as was done in Section 2. It is easy to find structure matrices
in which some of the { <} are not partial orders. It seems natural to try to
characterize the family of structure matrices for which { < ;} is a consistent
set of partial orders. This paper proves that structure h-matrices have this
property, and we believe that a similar proof can be given for structure
v-matrices though it seems to be slightly more difficult. We conjecture that
in fact this will hold for any structure matrix in which, for every non-blank

entry, the set of non-blank entries in either its row or column form a
continuous segment.
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