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6HJPHQWLQJ YV� &KXQNLQJ 5XOHV� 8QVXSHUYLVHG ,7* ,QGXFWLRQ YLD
0LQLPXP &RQGLWLRQDO 'HVFULSWLRQ /HQJWK

0DUNXV 6$(56 DQG .DUWHHN $''$1., DQG 'HNDL :8
+XPDQ /DQJXDJH 7HFKQRORJ\ &HQWHU

'HSW� RI &RPSXWHU 6FLHQFH DQG (QJLQHHULQJ
+RQJ .RQJ 8QLYHUVLW\ RI 6FLHQFH DQG 7HFKQRORJ\

^PDVDHUV_YVNDGGDQNL_GHNDL`#FV�XVW�KN

$EVWUDFW

:H SUHVHQW DQ XQVXSHUYLVHG OHDUQLQJ
PRGHO WKDW LQGXFHV SKUDVDO LQYHUVLRQ
WUDQVGXFWLRQ JUDPPDUV E\ LQWURGXFLQJ D
PLQLPXP FRQGLWLRQDO GHVFULSWLRQ OHQJWK
�&'/� SULQFLSOH WR GULYH VHDUFK RYHU D
VSDFH GHILQHG E\ WZR RSSRVLQJ H[WUHPH
W\SHV RI ,7*V� 2XU DSSURDFK DWWDFNV WKH
GLIILFXOW\ RI DFTXLULQJ PRUH FRPSOH[
ORQJHU UXOHV ZKHQ LQGXFLQJ LQYHUVLRQ
WUDQVGXFWLRQ JUDPPDUV YLD XQVXSHUYLVHG
ERWWRP�XS FKXQNLQJ� E\ DXJPHQWLQJ LWV
PRGHO VHDUFK ZLWK WRS�GRZQ VHJPHQWDWLRQ
WKDW PLQLPL]HV &'/� UHVXOWLQJ LQ VLJQLIL�
FDQW WUDQVODWLRQ DFFXUDF\ JDLQV� &KXQNHG
UXOHV WHQG WR EH UHODWLYHO\ VKRUW� ORQJ
UXOHV DUH KDUG WR OHDUQ WKURXJK FKXQNLQJ�
DV WKH VPDOOHU SDUWV RI WKH ORQJ UXOHV
PD\ QRW QHFHVVDULO\ EH JRRG WUDQVODWLRQV
WKHPVHOYHV� 2XU REMHFWLYH FULWHULRQ LV D
FRQGLWLRQDO DGDSWDWLRQ RI WKH QRWLRQ RI
GHVFULSWLRQ OHQJWK� WKDW LV FRQGLWLRQHG RQ
D IL[HG SUHH[LVWLQJ PRGHO� LQ WKLV FDVH
WKH LQLWLDO FKXQNHG ,7*� 7KH QRWLRQ RI
PLQLPXP &'/ �0&'/� IDFLOLWDWHV D
QRYHO VWUDWHJ\ IRU DYRLGLQJ WKH SLWIDOOV
RI SUHPDWXUH SUXQLQJ LQ FKXQNLQJ DS�
SURDFKHV� E\ LQFUHPHQWDOO\ VSOLWWLQJ DQ
,7* ZLWK UHIHUHQFH WR D VHFRQG ,7* WKDW
FRQGLWLRQV WKLV VHDUFK�

� ,QWURGXFWLRQ

:H GHVFULEH DQ XQVXSHUYLVHG DSSURDFK WR LQGXF�
LQJ SKUDVDO LQYHUVLRQ WUDQVGXFWLRQ JUDPPDUV RU
,7*V �:X� ����� WKDW HPSOR\V D QHZ WKHRUHWLFDOO\
ZHOO�IRXQGHG PLQLPXP FRQGLWLRQDO GHVFULSWLRQ
OHQJWK �&'/� REMHFWLYH WR H[SOLFLWO\ GULYH WZR RS�
SRVLQJ� H[WUHPH ,7*V WRZDUGV RQH VLQJOH ,7*�
*LYHQ RQH ,7* LQLWLDOO\ FRPSRVHG RI VKRUW UXOHV
OHDUQHG E\ ERWWRP�XS FKXQNLQJ RI VKRUW DWRPLF

UXOHV� RXU PHWKRG DXJPHQWV LW ZLWK UXOHV WKDW DUH
OHDUQHG WKURXJK WRS�GRZQ VHJPHQWDWLRQ RI ORQJ
UXOHV LQLWLDOL]HG E\ PHPRUL]LQJ WKH SDUDOOHO FRU�
SXV� 7KLV RIIHUV DQ RSSRUWXQLW\ WR FDSWXUH ORQJHU
QRQ�FRPSRVLWLRQDO WUDQVODWLRQV DV H[SOLFLW ELWHUPL�
QDO UXOHV� ZKLFK LV KDUG IRU VHDUFK WR GLVFRYHU
VROHO\ YLD ERWWRP�XS FKXQNLQJ� ,WHUDWLYH ERWWRP�
XS FKXQNLQJ UHOLHV RQ FRPSRVLQJ WZR JRRG WUDQV�
ODWLRQV LQWR D ORQJHU JRRG WUDQVODWLRQ� ZKLFK DV�
VXPHV WKDW WKH ORQJ UXOHV OHDUQHG LQ WKLV ZD\ DUH
FRPSRVLWLRQDO� ,Q FRQWUDVW� LWHUDWLYHO\ VHJPHQW�
LQJ DQ H[LVWLQJ JRRG WUDQVODWLRQ LQWR VKRUWHU JRRG
WUDQVODWLRQV GRHV QRW GHSHQG RQ DVVXPSWLRQV DERXW
ZKHWKHU WKH UHVXOWLQJ VKRUWHU UXOHV FDQ EH IXUWKHU
GHFRPSRVHG� (PSLULFDOO\� DXJPHQWLQJ WKH FKXQ�
NHG ,7* ZLWK UXOHV OHDUQHG YLD WRS�GRZQ VHJPHQ�
WDWLRQ KHOSV WUDQVODWLRQ TXDOLW\� +RZHYHU� WKH PD[�
LPXP OLNHOLKRRG REMHFWLYH LV LQDGHTXDWH IRU WKLV
SXUSRVH� LQVWHDG� ZH LQWURGXFH WKHPLQLPXP FRQ�
GLWLRQDO GHVFULSWLRQ OHQJWK �0&'/� REMHFWLYH WR
GULYH WKH VHDUFK IRU SKUDVDO UXOHV VLPXOWDQHRXVO\
IURP WKH WZR RSSRVLQJ W\SHV RI ,7* FRQVWUDLQWV�
ERWK RI ZKLFK KDYH LQGLYLGXDOO\ EHHQ HPSLULFDOO\
GHPRQVWUDWHG WR PDWFK SKUDVH UHRUGHULQJ SDWWHUQV
DFURVV WUDQVODWLRQV ZHOO� ,Q VR GRLQJ� ZH DLP WR
DOVR SURYLGH DQ REYLRXV EDVLV IRU JHQHUDOL]DWLRQ WR
DEVWUDFW WUDQVODWLRQ VFKHPDV�
7KH QHFHVVLW\ RI 0&'/ DV DQ DOWHUQDWLYH OHDUQ�

LQJ REMHFWLYH WR VWDQGDUG PD[LPXP OLNHOLKRRG
�0/� DULVHV EHFDXVH WKH WRS�GRZQ UXOH VHJPHQ�
WDWLRQ VHDUFK VWDUWV LQ D VWDWH ZKHUH OLNHOLKRRG
LV DOUHDG\ PD[LPL]HG� XQOLNH ERWWRP�XS OHDUQ�
LQJ ZKLFK FDQ EH GULYHQ ZLWK 0/� 7KH WRS�GRZQ
VHDUFK VWDUWV ZLWK DOO VHQWHQFH SDLUV LQ WKH WUDLQLQJ
FRUSXV DV ELWHUPLQDOV� ZKLFK PD[LPL]HV WKH OLNHOL�
KRRG RI WKH WUDLQLQJ GDWD� EXW LV JXDUDQWHHG WR JHQ�
HUDOL]H SRRUO\ WR XQVHHQ GDWD� 7KHUH LV QR VHJPHQ�
WDWLRQ ZH FDQ PDNH WR WKLV JUDPPDU WKDW ZRXOG LQ�
FUHDVH WKH OLNHOLKRRG RI WKH WUDLQLQJ GDWD� EXW ZH
GR QRQHWKHOHVV ZDQW WR VHJPHQW WKH H[LVWLQJ UXOHV
VR WKDW WKH JUDPPDU KDV D FKDQFH WR FRYHU XQVHHQ
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GDWD� 7KH VROXWLRQ LV WR PRYH DZD\ IURP SXUH 0/�
LQ WKLV SDSHU ZH ZLOO XVH PLQLPXP FRQGLWLRQDO GH�
VFULSWLRQ OHQJWK� ZKLFK KDV WKH OLNHOLKRRG RI WKH
WUDLQLQJ GDWD DV RQH FRPSRQHQW� EXW EDODQFHV LW
ZLWK D QRWLRQ RI PRGHO VL]H� 0&'/ DOORZV XV WR
PDNH WKH WUDLQLQJ GDWD OHVV OLNHO\ SURYLGHG WKDW WKH
VL]H RI WKH JUDPPDU EHFRPHV VPDOOHU� 6LQFH WKH
LQLWLDO VWDWH RI WKH WRS�GRZQ VHDUFK KDV DOO WKH VHQ�
WHQFH SDLUV LQ WKH WUDLQLQJ GDWD H[SOLFLWO\ VWRUHG DV
ELWHUPLQDOV� WKHUH LV DPSOH RSSRUWXQLW\ IRU VKULQN�
LQJ WKH VL]H RI WKH JUDPPDU E\ VHJPHQWLQJ WKH
H[LVWLQJ UXOHV LQWR UHXVDEOH VHJPHQWV� DQG 0&'/
KHOSV GHFLGLQJ ZKHQ WKLV LV D JRRG LGHD DQG ZKHQ
QRW� 7KH GLIIHUHQFH EHWZHHQ0&'/ DQG PLQLPXP
GHVFULSWLRQ OHQJWK LV WKDW WKH OHQJWKV DUH VXEMHFW WR
DQ H[WHUQDO PRGHO� ,Q RXU FDVH� WKH H[WHUQDO PRGHO
LV WKH ERWWRP�XS FKXQNHG ,7*� ZKLFK PHDQV WKDW
WKH DX[LOLDU\ ,7* EHLQJ LQGXFHG LV WDLORUHG VSHFLI�
LFDOO\ WRZDUGV DXJPHQWLQJ LW�

:H FKRRVH WR ZRUN ZLWK WKH ZHOO�GHILQHG DQG
WKHRUHWLFDOO\ VRXQG IRUPDOLVP RI ,7*V UDWKHU WKDQ
RYHU�HQJLQHHUHG GLUHFW WUDQVODWLRQ PRGHOV �.RHKQ
HW DO�� ����� RU IHDWXUH�KHDY\ WUDQVGXFWLRQ JUDP�
PDUV �&KLDQJ� ������ 7KH UHDVRQ IRU WKLV LV
WZRIROG� �D� WKH\ DOORZ IRU PDQXDO LQVSHFWLRQ� DQG
�E� WKH DVVXPSWLRQV VWD\ WKH VDPH WKURXJK OHDUQ�
LQJ DQG WHVWLQJ� %HLQJ DEOH WR LQVSHFW WKH OHDUQHG
PRGHO LV FUXFLDO IRU HUURU DQDO\VLV� EXW LQVSHFWLQJ
D W\SLFDO VWDWH�RI�WKH�DUW WUDQVODWLRQ V\VWHP LV SUR�
KLELWLYHO\ KDUG� 3KUDVDO GLUHFW WUDQVODWLRQ V\VWHPV
UHO\ KHDYLO\ RQ WKH ODQJXDJH PRGHO WR FRPSHQ�
VDWH IRU WKH PLVWDNHV WKH\ PDNH� DV ZHOO DV UHO\�
LQJ RQ D ILQH�WXQHG ORJ�OLQHDU FRPELQDWLRQ RI VHY�
HUDO IHDWXUHV WR FKRRVH ZKLFK OH[LFDO XQLWV WR XVH�
3LQQLQJ GRZQ H[DFWO\ ZKHUH DQG ZK\ DQ HUURU RF�
FXUUHG LQ WKLV VHWXS LV YHU\ KDUG� 7KH WUDQVGXFWLRQ
JUDPPDU EDVHG DSSURDFK LV EHWWHU LQ WKLV UHVSHFW�
EXW WKH VWDWH�RI�WKH�DUW W\SLFDOO\ UHOLHV RQ PDVVLYH
DPRXQWV� WHQV RI WKRXVDQGV �&KLDQJ HW DO�� ������
RI IHDWXUHV� $V D FRPPXQLW\� ZH VWLOO KDYH QR
FOHDU LGHD RI ZK\ WKHVH IHDWXUHV KHOS WUDQVODWLRQ�
RQO\ WKDW WKH\ GR ZKHQ WKH ZKROH V\VWHP SLSHOLQH
LV WUHDWHG DV D EODFN ER[� EXW WUHDWLQJ WKH V\VWHP
DV D EODFN ER[ SUHYHQWV HIIHFWLYH HUURU DQDO\VLV�
7KH VWDWH�RI�WKH�DUW V\VWHPV DOVR UHOLHV RQ ORQJ DQG
FRPSOLFDWHG OHDUQLQJ SLSHOLQHV WKDW IRUP DG�KRF
PRGHOV RI KRZ WUDQVODWLRQ KDSSHQV� 7KHVH DG�
KRF PRGHOV GLIIHU VLJQLILFDQWO\ IURP WKH PRGHOV RI
KRZ WUDQVODWLRQ KDSSHQV WKDW DUH XVHG GXULQJ DF�
WXDO WUDQVODWLRQ� ZKLFK YLRODWHV WKH EDVLF PDFKLQH
OHDUQLQJ DVVXPSWLRQ WKDW WKH VDPH PRGHO VKRXOG

EH XVHG GXULQJ WUDLQLQJ DQG WHVWLQJ� ,Q FRQWUDVW�
WKH RQO\ GLIIHUHQFH EHWZHHQ ELSDUVLQJ ZLWK ,7*V
�WUDLQLQJ� DQG GHFRGLQJ �WHVWLQJ� LV WKDW ERWK VHQ�
WHQFHV DUH JLYHQ GXULQJ ELSDUVLQJ� EXW RQO\ WKH
LQSXW VHQWHQFH GXULQJ GHFRGLQJ²WKH PRGHO LWVHOI
GRHV QRW FKDQJH� RQO\ WKH ZD\ LW LV XVHG�
7KH VSDFH RI SRVVLEOH ,7* VWUXFWXUHV LV LQ�

WUDFWDEO\ ODUJH� DQG WKHUH KDYH EHHQ PDQ\ DW�
WHPSWV WR LQWURGXFH H[WHUQDO FRQVWUDLQWV WR JXLGH
WKH VHDUFK� :H GR FRPSOHWHO\ XQVXSHUYLVHG VHDUFK
ZLWKRXW LQWURGXFLQJ VXFK FRQVWUDLQWV� ZKLFK OLPLWV
WKH VFRSH RI HUURU DQDO\VLV WR WKH VHDUFK VWUDWHJ\�
3RSXODU H[WHUQDO FRQVWUDLQWV LQFOXGH ZRUG DOLJQ�
PHQWV �&KLDQJ� ����� DQG SDUVH WUHHV�
:RUG DOLJQPHQWV DUH W\SLFDOO\ OHDUQHG DV D

PDQ\�WR�RQH IXQFWLRQ IURP RQH ODQJXDJH LQWR WKH
RWKHU ODQJXDJH �%URZQ HW DO�� ����� 9RJHO HW DO��
������ EXW VLQFH QR WUDQVODWLRQ V\VWHPV LQ XVH WR�
GD\ DFWXDOO\ UHO\ RQ JHQHUDWLQJ RQH RXWSXW WRNHQ DW
D WLPH IURP ]HUR RU PRUH LQSXW WRNHQV� WZR RSSRV�
LQJ VXFK IXQFWLRQV DUH W\SLFDOO\ FRPELQHG KHXULV�
WLFDOO\ WR IRUP D PDQ\�WR�PDQ\ IXQFWLRQ EHWZHHQ
WKH LQSXW DQG RXWSXW WRNHQV� 7KLV LV SUREOHPDWLF� DV
LW WXUQV WKH DOLJQPHQWV LQWR KDUG FRQVWUDLQWV WKDW DUH
H[WHUQDO WR DQ\ PRGHO OHDUQHG IURP WKHP� ,URQL�
FDOO\� ZKHQHYHU WUDQVGXFWLRQ JUDPPDUV DUH XVHG WR
OHDUQ DOLJQPHQWV WKHVH DOLJQPHQWV DUH DOVR WUHDWHG
DV KDUG H[WHUQDO FRQVWUDLQWV WR WKH WUDQVODWLRQ PRG�
HOV WKDW DUH OHDUQHG IURP WKHP �&KHUU\ DQG /LQ�
����� =KDQJ HW DO�� ����� %OXQVRP HW DO�� �����
����� +DJKLJKL HW DO�� ����� 6DHUV DQG :X� �����
����� %OXQVRP DQG &RKQ� ����� %XUNHWW HW DO��
����� 5LHVD DQG 0DUFX� ����� 6DHUV HW DO�� �����
1HXELJ HW DO�� ����� ������
:KHQ SDUVH WUHHV DUH XVHG WR FRQVWUDLQ WKH VHDUFK

WKH\ FDQ EH IRXQG RQ WKH LQSXW VLGH RQO\� PDNLQJ
WKH UHVXOWLQJ V\VWHP D WUHH�WR�VWULQJ V\VWHP� RQ WKH
RXWSXW VLGH RQO\� PDNLQJ LW D VWULQJ�WR�WUHH V\VWHP�
RU RQ ERWK VLGHV� PDNLQJ LW D WUHH�WR�WUHH V\VWHP
�*DOOH\ HW DO�� ������ 7KH JUDPPDULDQV ZKR FRQ�
VWUXFWHG WKH WUHHEDQN²RU WKH SDUVHU WKDW LW ZDV FUH�
DWHG ZLWK� RU WKH WUHHEDQN WKDW ZDV XVHG WR WUDLQ
WKH SDUVHU²FDQ DQG VKRXOG QRW EH H[SHFWHG WR WDNH
LQWR DFFRXQW WKH UHODWLRQVKLS EHWZHHQ WKH ODQJXDJH
WKH\ DUH ZRUNLQJ ZLWK DQG DOO RWKHU ODQJXDJHV RQ
WKH SODQHW� VR WKH SDUVH WUHHV WKHPVHOYHV UXQ D UHDO
ULVN RI PDWFKLQJ WKH WUDQVODWLRQ SUREOHP SRRUO\�
:H VWUXFWXUH WKH SDSHU VR WKDW ZH VWDUW E\ LQ�

WURGXFLQJ FRQGLWLRQDO GHVFULSWLRQ OHQJWK� ZKLFK
ZH ZLOO XVH WR UHSODFH GHVFULSWLRQ OHQJWK DV WKH
GULYLQJ PHWULF IRU WKH WRS�GRZQ UXOH�VHJPHQWLQJ
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,7* LQGXFWLRQ �6HFWLRQ ��� :H WKHQ GHVFULEH KRZ
ZH HQFRGH ,7*V WR PHDVXUH WKHLU OHQJWK LQ ELWV�
ZKLFK LV D QHFHVVDU\ FRPSRQHQW RI DQ\ PHWULF
UHODWHG WR GHVFULSWLRQ OHQJWK �6HFWLRQ ��� 7KHVH
WZR VHFWLRQV DUH WKH WKHRUHWLFDO IXQGDPHQWDO WKDW
ZH EXLOG WKH DOJRULWKPV DURXQG� 7KH ILUVW DOJR�
ULWKP ZH GHVFULEH LV WKH EDVHOLQH� WRS�GRZQ UXOH�
VHJPHQWLQJ ,7* LQGXFWLRQ GULYHQ E\ PLQLPXP GH�
VFULSWLRQ OHQJWK �6HFWLRQ ��� $OWKRXJK LW LV EDFN�
JURXQG� SOHDVH EHDU ZLWK XV DV LW VHUYHV DQ LP�
SRUWDQW UROH LQ FRQWUDVWLQJ FRQGLWLRQDO ZLWK XQFRQ�
GLWLRQDO� SODLQ GHVFULSWLRQ OHQJWK� 7KLV OD\V WKH
JURXQG ZRUN IRU WKH H[SHULPHQWDO FRQWULEXWLRQ RI
WKH SDSHU� 6HFWLRQ � GHVFULEHV KRZ ZH LQLWLDOL]H
DQ ,7* E\ ERWWRP�XS UXOH�FKXQNLQJ� ZKLFK LV WKHQ
DXJPHQWHG �6HFWLRQ �� ZLWK UXOHV OHDUQHG WKURXJK
WRS�GRZQ UXOH VHJPHQWDWLRQ DV GHVFULEHG LQ RXU
VHFRQG DOJRULWKP� 7KLV DOJRULWKP GLIIHUV IURP WKH
ILUVW LQ WKDW LW PLQLPL]HV FRQGLWLRQDO GHVFULSWLRQ
OHQJWK UDWKHU WKDQ SODLQ GHVFULSWLRQ OHQJWK� :H
DOVR WHVW RXU PRGHO HPSLULFDOO\ LQ DQ H[SHULPHQW
GHVFULEHG LQ 6HFWLRQ � DQG DQDO\]HG LQ 6HFWLRQ ��
)LQDOO\� ZH RIIHU VRPH FRQFOXGLQJ UHPDUNV �6HF�
WLRQ ���

� &RQGLWLRQDO 'HVFULSWLRQ /HQJWK

&RQGLWLRQDO GHVFULSWLRQ OHQJWK �&'/� LV D JHQHUDO
PHWKRG IRU HYDOXDWLQJ D PRGHO DQG D GDWDVHW JLYHQ
D SUHH[LVWLQJ PRGHO� 7KLV PDNHV LW LGHDO IRU DXJ�
PHQWLQJ DQ H[LVWLQJ PRGHO ZLWK D YDULDQW PRGHO
RI WKH VDPH IDPLO\� ,Q WKLV SDSHU ZH ZLOO DSSO\
WKLV WR DXJPHQW DQ H[LVWLQJ LQYHUVLRQ WUDQVGXFWLRQ
JUDPPDU �,7*� ZLWK UXOHV WKDW DUH IRXQGZLWK D GLI�
IHUHQW VHDUFK VWUDWHJ\� &'/ LV VLPLODU WR GHVFULS�
WLRQ OHQJWK �6RORPRQRII� ����� 5LVVDQHQ� ������
EXW WKH OHQJWK FDOFXODWLRQV DUH VXEMHFW WR DGGLWLRQDO
FRQVWUDLQWV� :KHQ PLQLPXP &'/ �0&'/� LV
XVHG DV D OHDUQLQJ REMHFWLYH� DOO WKH GHVLUHG SURSHU�
WLHV RI PLQLPXP GHVFULSWLRQ OHQJWK �0'/� DUH UH�
WDLQHG� WKH PRGHO LV DOORZHG WR EHFRPH OHVV FHUWDLQ
DERXW WKH GDWD SURYLGHG WKDW LW VKULQNV VXIILFLHQWO\
WR FRPSHQVDWH IRU WKH ORVV LQ SUHFLVLRQ� 0'/ LV D
JRRG ZD\ WR SUHYHQW RYHU�ILWWLQJ� DQG 0&'/ UH�
WDLQV WKLV SURSHUW\� EXW IRU WKH WDVN RI LQGXFLQJ D
PRGHO VSHFLILFDOO\ WR DXJPHQW DQ H[LVWLQJ PRGHO�
)RUPDOO\� &'/ LV�

DL (�,D|�) = DL (D|�,�) + DL (�|�)

ZKHUH � LV WKH IL[HG SUHH[LVWLQJ PRGHO� � LV WKH
PRGHO EHLQJ LQGXFHG� DQG D LV WKH GDWD� 7KH WRWDO

XQFRQGLWLRQDO OHQJWK LV �

DL (�, �,D)
= DL (D|�,�) + DL (�|�) + DL (�)

,Q PLQLPL]LQJ &'/� ZH IL[ � LQVWHDG RI DOORZLQJ
LW WR YDU\ DV ZH ZRXOG LQ IXOO 0'/� WR EH SUHFLVH�
ZH VHHN�

DUJPLQ
�

DL (�, �,D)

= DUJPLQ
�

DL (D|�, �) + DL (�|�) + DL (�)

= DUJPLQ
�

DL (�,D|�)

= DUJPLQ
�

DL (D|�, �) + DL (�|�)

7R PHDVXUH WKH &'/ RI WKH GDWD� ZH WXUQ WR LQIRU�
PDWLRQ WKHRU\ WR FRXQW WKH QXPEHU RI ELWV QHHGHG
WR HQFRGH WKH GDWD JLYHQ WKH WZR PRGHOV XQGHU DQ
RSWLPDO HQFRGLQJ �6KDQQRQ� ������ ZKLFK JLYHV�

DL (D|�, �) = �OJ P (D|�, �)

7KH &'/ RI WKH PRGHO LV QRW QHFHVVDULO\ H[SUHVV�
LEOH DV D SUREDELOLW\� DQG LQ WKLV SDSHU ZH ZLOO PHD�
VXUH LWV OHQJWK DV WKH QXPEHU RI ELWV UHTXLUHG WR HQ�
FRGH WKH PRGHO XVLQJ D WKHRUHWLFDO HQFRGLQJ�

7R GHWHUPLQH ZKHWKHU D PRGHO � KDV D VKRUWHU
FRQGLWLRQDO GHVFULSWLRQ OHQJWK� WKDQ DQRWKHU PRGHO
��� LW LV VXIILFLHQW WR EH DEOH WR VXEWUDFW RQH OHQJWK
IURP WKH RWKHU� )RU WKH PRGHO OHQJWK� WKLV LV WULYLDO
DV ZHPHUHO\ KDYH WR FDOFXODWH WKH OHQJWK RI WKH GLI�
IHUHQFH EHWZHHQ WKH WZR PRGHOV LQ RXU WKHRUHWLFDO
HQFRGLQJ� )RU GDWD OHQJWK� ZH QHHG WR VROYH�

DL
�
D|��, �

�
�DL (D|�, �)

= �OJ P
�
D|��, �

�
��OJ P (D|�,�)

= �OJ P (D|��, �)
P (D|�, �)

� (QFRGLQJ ,7*V

%\ HQFRGLQJ DQ ,7*� ZH WXUQ WKH UHODWLYHO\ FRP�
SOH[ GDWD VWUXFWXUH LQWR D VHULHV RI V\PEROV²D
PHVVDJH� ZKRVH OHQJWK FDQ EH PHDVXUHG LQ ELWV�
7KLV VHFWLRQ GHVFULEHV KRZ ZH GHYLFH WKLV HQFRG�
LQJ VFKHPH� $Q ,7* FRQVLVWV RI D VHW RI QRQWHUPL�
QDO V\PEROV� D VHW RI L0 V\PEROV� D VHW RI L1 V\P�
EROV� D VHW RI UXOHV DQG D VWDUW V\PERO� :H QRWLFH
WKDW WKH RQO\ VLJQLILFDQFH RI WKH VHWV RI QRQWHUPL�
QDO� L0 DQG L1 V\PEROV LV WR FDWHJRUL]H WKH V\P�
EROV WKDW RFFXU LQ WKH UXOHV� DQG WKH LGHQWLW\ RI WKH
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VWDUW V\PERO FRQVWLWXWHV D SHU�JUDPPDU FRQVWDQW�
7R PHDVXUH WKH OHQJWK RI D JUDPPDU LW LV WKXV VXI�
ILFLHQW WR PHDVXUH DQG VXP WKH OHQJWKV RI DOO UXOHV�
:H ZLOO PHDVXUH WKH OHQJWK E\ HQFRGLQJ WKH UXOH
VHW DV D VHTXHQFH RI V\PEROV� :H QHHG RQH V\PERO
IRU HDFK RI WKH QRQWHUPLQDO� L0 DQG L1 V\PEROV RI
WKH ,7*� DV ZHOO DV D PHWD V\PERO WR VHSDUDWH UXOHV
DQG GHWHUPLQH ZKHWKHU WKH\ DUH VWUDLJKW RU LQYHUWHG
�XQDU\ UXOHV DUH DVVXPHG WR EH VWUDLJKW�� )RU FRQ�
GLWLRQDO GHVFULSWLRQ OHQJWK� UXOHV WKDW DUH IRXQG LQ
� FDQ EH H[FOXGHG ZKHQ PHDVXULQJ WKH OHQJWK RI
�� &RQVLGHU WKH IROORZLQJ WR\ ,7*�

S � A, A � �AA�, A � [AA] ,
A � KDYH/㱸, A � \HV/㱸, A � \HV/㗁

ZKLFK LV FRQGLWLRQHG RQ WKH IROORZLQJ ,7*�

S � A, A � �AA�, A � [AA] ,
A � · · · , · · ·

,WV VHULDOL]HG IRUP ZRXOG EH�

[]AKDYH㱸[]A\HV㱸[]A\HV㗁

$VVXPLQJ D XQLIRUP GLVWULEXWLRQ RYHU WKH V\P�
EROV� HDFK V\PERO ZLOO UHTXLUH�OJ 1

N ELWV WR HQFRGH
�ZKHUHN LV WKH QXPEHU RI GLIIHUHQW V\PEROV LQ WKH
,7*�� 7KH DERYH WR\ ,7* KDV � V\PEROV� PHDQ�
LQJ WKDW HDFK V\PERO UHTXLUHV � ELWV� 7KH HQFRGHG
PHVVDJH LV �� V\PEROV ORQJ� PDNLQJ WKH ,7* ��
ELWV ORQJ�

� %DVHOLQH ,7*

7KH QDWXUDO EDVHOLQH WR FRPSDUH ,7*V OHDUQHG E\
PLQLPL]LQJ FRQGLWLRQDO GHVFULSWLRQ OHQJWK LV ,7*V
OHDUQHG E\ PLQLPL]LQJ XQFRQGLWLRQDO GHVFULSWLRQ
OHQJWK� ZKLFK ZH ZLOO GHVFULEH LQ WKLV VHFWLRQ� 7KLV
LV WKH VDPH PRGHO DV GHVFULEHG LQ 6DHUV HW DO�
������� ZKLFK LV UHSHDWHG KHUH WR KLJKOLJKW WKHPLQ�
LPXP FKDQJHV QHHGHG WR VZLWFK WKH REMHFWLYH IXQF�
WLRQ IURPPLQLPXPGHVFULSWLRQ OHQJWK WRPLQLPXP
FRQGLWLRQDO GHVFULSWLRQ OHQJWK�

7KH ,7* LV LQLWLDOL]HG ZLWK DOO VHQWHQFH SDLUV DV
ELWHUPLQDOV�

S � A

A � e0..T0/f0..V0

A � e0..T1/f0..V1

...

A � e0..TN /f0..VN

ZKHUH S LV WKH VWDUW V\PERO� A LV WKH QRQWHUPL�
QDO� N LV WKH QXPEHU RI VHQWHQFH SDLUV� Ti LV WKH

OHQJWK RI WKH iWK RXWSXW VHQWHQFH �PDNLQJ e0..Ti

WKH iWK RXWSXW VHQWHQFH�� DQG Vi LV WKH OHQJWK RI
WKH iWK LQSXW VHQWHQFH �PDNLQJ f0..Vi WKH iWK LQSXW
VHQWHQFH�� $IWHU WKH ,7* KDV EHHQ LQLWLDOL]HG� LWV
SUHWHUPLQDO UXOHV DUH LWHUDWLYHO\ VHJPHQWHG XQWLO QR
VHJPHQWDWLRQV FDQ EH IRXQG WKDW ZRXOG VKRUWHQ LWV
GHVFULSWLRQ OHQJWK� 7KH SDUDPHWHUV RI WKH PRGHO
LV LQLWLDOL]HG DV UHODWLYH IUHTXHQF\ RI WKH VHQWHQFH
SDLUV�ELWHUPLQDOV�

7KH VHJPHQWDWLRQ DOJRULWKP UHOLHV RQ LGHQWL�
I\LQJ SDUWV RI H[LVWLQJ ELWHUPLQDOV WKDW FRXOG EH
YDOLGO\ XVHG LQ LVRODWLRQ� DQG DOORZ WKHP WR FRP�
ELQH ZLWK RWKHU VHJPHQWV� :H GR WKLV E\ SURSRVLQJ
D QXPEHU RI VHWV RI ELWHUPLQDO UXOHV DQG D SODFH WR
VHJPHQW WKHP� HYDOXDWH KRZ WKH GHVFULSWLRQ OHQJWK
ZRXOG FKDQJH LI ZH ZHUH WR DSSO\ RQH RI WKHVH VHWV
RI VHJPHQWDWLRQV WR WKH JUDPPDU� DQG FRPPLW WR
WKH EHVW VHW� 7KDW LV� ZH GR D JUHHG\ VHDUFK RYHU WKH
SRZHU VHW RI SRVVLEOH VHJPHQWDWLRQV RI WKH UXOH VHW�
7KH NH\ FRPSRQHQW LQ WKH DSSURDFK LV WKH DELOLW\ WR
HYDOXDWH KRZ WKH GHVFULSWLRQ OHQJWK ZRXOG FKDQJH
LI D VSHFLILF VHJPHQWDWLRQ ZDV PDGH LQ WKH JUDP�
PDU� 7KLV FDQ EH H[WHQGHG WR D VHW RI VHJPHQWD�
WLRQV� ZKLFK RQO\ OHDYHV WKH SUREOHP RI JHQHUDWLQJ
VXLWDEOH VHWV RI VHJPHQWDWLRQV�

7KH NH\ WR D VXFFHVVIXO VHJPHQWDWLRQ LV WR PD[L�
PL]H WKH SRWHQWLDO IRU UHXVH� HLWKHU E\ EHLQJ DEOH WR
LGHQWLI\ D VHJPHQW DFURVV PXOWLSOH UXOHV� &RQVLGHU
WKH WHUPLQDO UXOH�

A � ILYH WKRXVDQG \HQ LV P\ OLPLW/
㣄㾎✂ⓞ㣗㍧㑓㴐

�&KLQHVH URPDQL]DWLRQ� Zǂ ]�L GǌR FKǌ Zǎ TƯDQ Uu
\~DQ�� 7KLV UXOH FDQ EH VSOLW LQWR WKUHH UXOHV�

A � �AA�,
A � ILYH WKRXVDQG \HQ/㣗㍧㑓㴐,

A � LV P\ OLPLW/㣄㾎✂ⓞ

1RWH WKDW WKH RULJLQDO UXOH FRQVLVWV RI �� V\PEROV
�LQ RXU HQFRGLQJ VFKHPH�� ZKHUHDV WKH QHZ WKUHH
UXOHV FRQVLVWV RI 4 + 9 + 9 = 22 V\PEROV� 7KH
EUDFNHWLQJ LQYHUWHG UXOH LV OLNHO\ WR DOUHDG\ EH LQ
WKH ,7*� EXW WKH OH[LFDO UXOHV VWLOO FRQWDLQ �� V\P�
EROV� ZKLFK LV GHFLGHGO\ ORQJHU WKDQ �� V\PEROV²
DQG ZH QHHG WR JHW WKH OHQJWK WR EH VKRUWHU LI ZH
ZDQW WR VHH D QHW JDLQ� VLQFH WKH OHQJWK RI WKH GDWD LV
OLNHO\ WR EH ORQJHU ZLWK WKH VHJPHQWHG UXOHV� :KDW
ZH UHDOO\ QHHG WR GR LV ILQG D ZD\ WR UHXVH WKH OH[�
LFDO UXOHV WKDW FDPH RXW RI WKH VHJPHQWDWLRQ� 1RZ
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VXSSRVH WKH ,7* DOVR FRQWDLQHG WKLV WHUPLQDO UXOH�

A � WKH WRWDO IDUH LV ILYH WKRXVDQG \HQ/
㽼⤎☨➱㱫㗁㣗㍧㑓㴐

�&KLQHVH URPDQL]DWLRQ� ]ǂQJ JzQJ GH IqL \zQJ VKu
Zǎ TƯDQ Uu \~DQ�� 7KLV UXOH FDQ DOVR EH VSOLW LQWR
WKUHH UXOHV�

A � [AA] ,
A � WKH WRWDO IDUH LV/㽼⤎☨➱㱫㗁,

A � ILYH WKRXVDQG \HQ/㣗㍧㑓㴐

$JDLQ� WKH VWUXFWXUDO UXOH LV OLNHO\ WR DOUHDG\ EH
SUHVHQW LQ WKH ,7*� WKH ROG UXOH ZDV �� V\PEROV
ORQJ� DQG WKH WZR QHZ WHUPLQDO UXOHV DUH 12 + 9 =
21 V\PEROV ORQJ� $JDLQ ZH DUH RXW RI OXFN� DV WKH
QHZ UXOHV DUH ORQJHU WKDQ WKH ROG RQH� DQG WKUHH
UXOHV DUH OLNHO\ WR EH OHVV SUREDEOH WKDQ RQH UXOH
GXULQJ SDUVLQJ� 7KH ZD\ WR PDNH WKLV ZRUN LV WR
UHDOL]H WKDW WKH WZR H[LVWLQJ UXOHV VKDUH D ELOLQJXDO
DIIL[²D ELDIIL[� ILYH WKRXVDQG GROODUV WUDQVODWLQJ
LQWR 㣗㍧㑓㴐� ,I ZH PDNH WKH WZR FKDQJHV DW WKH
VDPH WLPH� ZH JHW ULG RI 16 + 19 = 35 V\PEROV
ZRUWK RI UXOHV� DQG LQWURGXFH D PHUH 9 + 9 + 12 =
30 V\PEROV ZRUWK RI UXOHV� 0DNLQJ WKHVH WZR
FKDQJHV DW WKH VDPH WLPH LV HVVHQWLDO� DV WKH OHQJWK
RI WKH ILYH VDYHG V\PEROV FDQ EH XVHG WR RIIVHW WKH
OLNHO\ LQFUHDVH LQ WKH OHQJWK RI WKH GDWD� $QG RI
FRXUVH� WKH PRUH UXOHV ZH FDQ ILQG ZLWK VKDUHG EL�
DIIL[HV� WKH PRUH OLNHO\ ZH DUH WR ILQG D JRRG VHW RI
VHJPHQWDWLRQV�

7KH WRS�GRZQ VHDUFK DOJRULWKP WDNHV DGYDQWDJH
RI WKH DERYH REVHUYDWLRQ E\ IRFXVLQJ RQ WKH ELDI�
IL[HV IRXQG LQ WKH WUDLQLQJ GDWD� (DFK ELDIIL[ GH�
ILQHV D VHW RI OH[LFDO UXOHV SDLUHG XS ZLWK D SRVVLEOH
VHJPHQWDWLRQ� :H HYDOXDWH WKH ELDIIL[HV E\ HVWL�
PDWLQJ WKH FKDQJH LQ GHVFULSWLRQ OHQJWK DVVRFLDWHG
ZLWK FRPPLWWLQJ WR DOO WKH VHJPHQWDWLRQV GHILQHG
E\ D ELDIIL[� 7KLV DOORZV XV WR ILQG WKH EHVW VHW RI
VHJPHQWDWLRQV� EXW UDWKHU WKDQ FRPPLWWLQJ RQO\ WR
WKH RQH EHVW VHW RI VHJPHQWDWLRQV� ZH ZLOO FROOHFW
DOO VHWV ZKLFK ZRXOG LPSURYH GHVFULSWLRQ OHQJWK�
DQG WU\ WR FRPPLW WR DV PDQ\ RI WKHP DV SRVVL�
EOH� 7KH SVHXGRFRGH FDQ EH IRXQG LQ $OJRULWKP ��
,W XVHV WKH PHWKRGV FROOHFWBELDIIL[HV� HYDOBGO�
VRUWBE\BGHOWD DQG PDNHBVHJPHQWDWLRQV� 7KHVH
PHWKRGV FROOHFWV DOO WKH ELDIIL[HV LQ DQ ,7*� HYDOX�
DWH WKH GLIIHUHQFH LQ GHVFULSWLRQ OHQJWK� VRUWV FDQGL�
GDWHV E\ WKHVH GLIIHUHQFHV� DQG FRPPLWV WR D JLYHQ
VHW RI FDQGLGDWHV� UHVSHFWLYHO\� 7R HYDOXDWH WKH
'/ RI D SURSRVHG VHW RI FDQGLGDWH VHJPHQWDWLRQV�

ZH QHHG WR FDOFXODWH WKH GLIIHUHQFH LQ '/ EHWZHHQ
WKH FXUUHQW PRGHO� DQG WKH PRGHO WKDW ZRXOG UHVXOW
IURP FRPPLWWLQJ WR WKH FDQGLGDWH VHJPHQWDWLRQV�

DL
�
��,D

�
�DL (�,D)

= DL
�
D|����DL (D|�)

+ DL
�
����DL (�)

7KH PRGHO OHQJWKV DUH WULYLDO� DV ZH PHUHO\ KDYH
WR HQFRGH WKH UXOHV WKDW DUH UHPRYHG DQG LQVHUWHG
DFFRUGLQJ WR RXU HQFRGLQJ VFKHPH DQG SOXJ LQ WKH
VXPPHG OHQJWKV LQ WKH DERYH HTXDWLRQ� 7KLV OHDYHV
WKH OHQJWK RI WKH GDWD� ZKLFK LV�

DL
�
D|����DL (D|�) = �OJ P (D|��)

P (D|�)

ZKHUH � DQG �� DUH WKH SDUDPHWHUV RI � DQG �� UH�
VSHFWLYHO\� 7KLV OHWV XV GHWHUPLQH WKH SUREDELOLW\
WKURXJK ELSDUVLQJ ZLWK WKH PRGHO EHLQJ LQGXFHG�
%LSDUVLQJ LV� KRZHYHU� D YHU\ H[SHQVLYH RSHUDWLRQ�
DQG ZH DUH PDNLQJ UHODWLYHO\ VPDOO FKDQJHV WR WKH
,7*� VR ZH ZLOO IXUWKHU DVVXPH WKDW ZH FDQ HVWL�
PDWH WKH '/ GLIIHUHQFH LQ FORVHG IRUP EDVHG RQ WKH
PRGHO SDUDPHWHUV� *LYHQ WKDW ZH DUH VSOLWWLQJ WKH
UXOH r0 LQWR WKH WKUHH UXOHV r1� r2 DQG r3� DQG WKDW
WKH SUREDELOLW\ PDVV RI r0 LV GLVWULEXWHG XQLIRUPO\
RYHU WKH QHZ UXOHV� WKH QHZ JUDPPDU SDUDPHWHUV
�� ZLOO EH LGHQWLFDO WR �� H[FHSW WKDW�

��
r0 = 0

��
r1 = �r1 +

1
3
�r0

��
r2 = �r2 +

1
3
�r0

��
r3 = �r3 +

1
3
�r0

:HHVWLPDWH WKH SUREDELOLW\ RI WKH FRUSXV JLYHQ WKLV
QHZ SDUDPHWHUV WR EH�

�OJ P (D|��)
P (D|�) � �OJ

��
r1�

�
r2�

�
r3

�r0

7R JHQHUDOL]H WKLV WR D VHW RI UXOH VHJPHQWDWLRQV�
ZH FRQVWUXFW WKH QHZ SDUDPHWHUV �� WR UHIOHFW DOO
WKH FKDQJHV LQ WKH VHW LQ D ILUVW SDVV� DQG WKHQ VXP
WKH GLIIHUHQFHV LQ '/ IRU DOO WKH UXOH VHJPHQWDWLRQV
ZLWK WKH QHZ SDUDPHWHUV LQ D VHFRQG SDVV�

� ,QLWLDO ,7*

7KH LQLWLDO ,7* WKDW ZH VWDUW ZLWK LV OHDUQHG IRO�
ORZLQJ WKH EHVW ERRWVWUDSSLQJ DSSURDFK UHSRUWHG LQ
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$OJRULWKP � ,WHUDWLYH UXOH VHJPHQWLQJ OHDUQLQJ
GULYHQ E\ PLQLPXP GHVFULSWLRQ OHQJWK�
�� � � 7KH ,7* EHLQJ LQGXFHG
�� UHSHDW
�� �sum � 0
�� bs � FROOHFWBELDIIL[HV(�)
�� b� � []
�� IRU DOO b � bs GR
�� � � HYDOBGO(b,�)
�� LI � < 0 WKHQ
�� b� � [b�, �b, ��]

��� HQG LI
��� HQG IRU
��� VRUWBE\BGHOWD(b�)
��� IRU DOO �b, �� � b� GR
��� �� � HYDOBGO(b,�)
��� LI �� < 0 WKHQ
��� � � PDNHBVHJPHQWDWLRQV(b,�)
��� �sum � �sum + ��

��� HQG LI
��� HQG IRU
��� XQWLO �sum � 0
��� UHWXUQ �

6DHUV HW DO� ������� 7KDW LV� ZH VWDUW E\ LQLWLDOL]�
LQJ D WRNHQ�EDVHG EUDFNHWLQJ ILQLWH�VWDWH WUDQVGXF�
WLRQ JUDPPDU� RU )67*� SDUDPHWHUL]HG ZLWK UHO�
DWLYH IUHTXHQFLHV IURP WKH WUDLQLQJ FRUSXV� :H
WKHQ WXQH WKH SDUDPHWHUV WR WKH WUDLQLQJ FRUSXV� DQG
WKHQ FKDQJH WKH VWUXFWXUH RI WKH JUDPPDU WR LQ�
FOXGH OH[LFDO UXOHV WKDW FDQ EH IRUPHG E\ FKXQNLQJ
DGMDFHQW SUHWHUPLQDOV� 7KH WXQH±FKXQN VWHS LV UH�
SHDWHG WZLFH� EHIRUH WUDQVIRUPLQJ WKH )67* LQWR D
EUDFNHWLQJ OLQHDU LQYHUVLRQ WUDQVGXFWLRQ JUDPPDU�
RU /,7* �6DHUV HW DO�� ������ ZKRVH SDUDPHWHUV
DUH DOVR WXQHG WR WKH WUDLQLQJ FRUSXV� 7KH /,7*
LV WKHQ WUDQVIRUPHG LQWR D IXOO ,7* ZKRVH SDUDP�
HWHUV DUH DJDLQ WXQHG WR WKH WUDLQLQJ FRUSXV� $OO
SDUDPHWHU WXQLQJ LV FDUULHG RXW ZLWK RXU LQ�KRXVH
ELSDUVHU� ZKLFK LV EDVHG RQ EHDP VHDUFK �6DHUV HW
DO�� ������ DQG H[SHFWDWLRQ PD[LPL]DWLRQ �'HPS�
VWHU HW DO�� ������ :H DOVR SUXQH DZD\ YHU\ LPSURE�
DEOH UXOHV WR UHGXFH QRLVH� ZKLFK PDNHV WKH PRGHO
SHUIRUP EHWWHU WKDQ UHSRUWHG LQ WKH RULJLQDO SDSHU�
SURYLGLQJ D PRUH VROLG EDVHOLQH IRU FRPSDULVRQ�

� $XJPHQWLQJ WKH LQLWLDO ,7*

7R DXJPHQW WKH LQLWLDO ,7* ZH ZLOO VHDUFK WRS�
GRZQ IRU UXOHV WKDW WKH FKXQNLQJ DSSURDFK ZHUH
XQDEOH WR ILQG� :H GR WKLV E\ LQLWLDOL]LQJ DQ DX[LO�
LDU\ ,7* WKDW PHUHO\ FRQWDLQV DOO VHQWHQFH SDLUV DV

$OJRULWKP � ,WHUDWLYH UXOH VHJPHQWLQJ OHDUQLQJ
GULYHQ E\PLQLPXP FRQGLWLRQDO GHVFULSWLRQ OHQJWK�
�� �, � � 7KH DX[LOLDU\ DQG LQLWLDO ,7*
�� UHSHDW
�� �sum � 0
�� bs � FROOHFWBELDIIL[HV(�)
�� b� � []
�� IRU DOO b � bs GR
�� � � HYDOBFGO(b,�,�)
�� LI � < 0 WKHQ
�� b� � [b�, �b, ��]

��� HQG LI
��� HQG IRU
��� VRUWBE\BGHOWD(b�)
��� IRU DOO �b, �� � b� GR
��� �� � HYDOBFGO(b,�, �)
��� LI �� < 0 WKHQ
��� � � PDNHBVHJPHQWDWLRQV(b,�)
��� �sum � �sum + ��

��� HQG LI
��� HQG IRU
��� XQWLO �sum � 0
��� UHWXUQ �

ELWHUPLQDOV� 7KLV DX[LOLDU\ ,7* LV WKHQ LWHUDWLYHO\
VHJPHQWHG XQWLO ZH DUULYH DW D VHW RI UXOHV ZKLFK
FDQQRW EH VHJPHQWHG WR IXUWKHU UHGXFH WKH FRQGL�
WLRQDO GHVFULSWLRQ OHQJWK RI WKH DX[LOLDU\ ,7* JLYHQ
WKH LQLWLDO ,7*� 7KH LQLWLDO DQG DX[LOLDU\ ,7*V DUH
WKHQ FRPELQHG WR IRUP WKH DXJPHQWHG ,7*�

/HDUQLQJ WKH DX[LOLDU\ ,7* LV YHU\ VLPLODU WR
OHDUQLQJ WKH EDVHOLQH ,7*� 7KH PRWLYDWLRQ DQG LQL�
WLDOL]DWLRQ DUH LGHQWLFDO� EXW UDWKHU WKDQ GULYLQJ WKH
VHJPHQWDWLRQ E\ HYDOXDWLQJ GHVFULSWLRQ OHQJWK� LW LV
GULYHQ E\ HYDOXDWLQJ FRQGLWLRQDO GHVFULSWLRQ OHQJWK
�&'/�� $OJRULWKP � LV WKXV YHU\ VLPLODU WR $OJR�
ULWKP �� H[FHSW WKDW WKHUH LV DQ LQLWLDO ,7*� DQG
WKDW $OJRULWKP � FDOOV HYDOBFGO RQ OLQHV � DQG ���
ZKHUH $OJRULWKP � FDOOV HYDOBGO� 7R HYDOXDWH WKH
&'/ RI D SURSRVHG VHW RI FDQGLGDWH VHJPHQWDWLRQV�
ZH QRZ QHHG WR FDOFXODWH WKH GLIIHUHQFH LQ &'/ EH�
WZHHQ WKH FXUUHQW PRGHO� DQG WKH PRGHO WKDW ZRXOG
UHVXOW IURP FRPPLWWLQJ WR WKH FDQGLGDWH VHJPHQWD�
WLRQV�

DL
�
��,D|�

�
�DL (�,D|�)

= DL
�
D|��, �

�
�DL (D|�, �)

+ DL
�
��|�

�
�DL (�|�)

7KH PRGHO OHQJWKV DUH VWLOO WULYLDO� DV ZH PHUHO\
KDYH WR HQFRGH WKH UXOHV WKDW DUH UHPRYHG DQG LQ�
VHUWHG DFFRUGLQJ WR RXU HQFRGLQJ VFKHPH� EXW ZH
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7DEOH �� 7KH UHVXOWV RI GHFRGLQJ�
,7* PRGHO %/(8 1,67 5XOHV
%DVHOLQH ����� ������ ������
,QLWLDO RQO\ ����� ������ �������
$X[LOLDU\ RQO\ ����� ������ ������
$XJPHQWHG ����� ������ �������

VWLOO QHHG WR FDOFXODWH WKH FKDQJH LQ WKH OHQJWK RI
WKH GDWD� ZKLFK LV�

DL
�
D|��,�

�
�DL (D|�, �)=�OJP (D|��,�)

P (D|�, �)

)RU WKH VDNH RI FRQYHQLHQFH LQ HIILFLHQWO\ FDOFXODW�
LQJ WKLV SUREDELOLW\� ZH PDNH WKH VLPSOLI\LQJ DV�
VXPSWLRQ WKDW�

P (D|�, �) � P (D|�) = P (D|�)

ZKHUH � LV WKH PRGHO SDUDPHWHUV� ZKLFK DOORZ XV
WR DSSUR[LPDWH WKH GLIIHUHQFH LQ GDWD &'/ DV�

�OJ P (D|��)
P (D|�)

7KLV LV WKH VDPH SUREOHP WKDW ZH KDG IRU WKH EDVH�
OLQH PRGHO� DQG ZH VROYH LW LQ WKH VDPH ZD\� E\
DVVXPLQJ SUREDELOLW\ PDVV WR EH GLVWULEXWHG XQL�
IRUPO\ RYHU RYHU WKH QHZ UXOHV DQG E\ DSSUR[L�
PDWLQJ WKH FKDQJH LQ FRUSXV SUREDELOLW\ LQ FORVHG
IRUP�
$OWKRXJK WKLV VLPSOLI\LQJ DVVXPSWLRQ LV UHDVRQ�

DEOH IRU FDOFXODWLQJ WKH GLIIHUHQFH LQ SUREDELOLW\ RI
WKH GDWD JLYHQ WKH DXJPHQWHG PRGHO� LW PLJKW QRW
EH VXFK D JRRG DVVXPSWLRQ GXULQJ GHFRGLQJ� 6R�
ZKHQ XVLQJ WKH DXJPHQWHG PRGHO IRU WUDQVODWLRQ�
ZH LQWHUSRODWH WKH LQLWLDO DQG DX[LOLDU\ ,7* WR SUR�
GXFH WKH DXJPHQWHG ,7*� 7KH SDUDPHWHUV RI WKH
DXJPHQWHG ,7* DUH VHW VXFK WKDW�

��,�
r = ���

r + (1� �)��
r

IRU DOO UXOHV r� ZKHUH � LV WKH SUREDELOLW\ RI D UXOH
XQGHU D VSHFLILF ,7*� DQG � LV D ZHLJKWLQJ SDUDP�
HWHU WKDW GHWHUPLQH ZKLFK ,7* ZH WUXVW PRUH� )RU
WKH H[SHULPHQWV LQ WKLV SDSHU� ZH IL[HG � = 1

2 �

� ([SHULPHQWDO VHWXS

7R WHVW WKH QHZ OHDUQLQJ DOJRULWKP� ZH ZLOO LQ�
GXFH WZR ,7*V� RQH XVLQJ WKH EDVHOLQH OHDUQLQJ
DOJRULWKP DQG RQH XVLQJ WKH SUHVHQWHG DXJPHQW�
LQJ DOJRULWKP WKDW UHOLHV RQ PLQLPL]LQJ WKH LQWUR�
GXFHG FRQGLWLRQDO GHVFULSWLRQ OHQJWK� :H XVH WKH

&KLQHVH±(QJOLVK WUDQVODWLRQ WDVN IURP ,:6/7��
�)RUG\FH� ����� DV WUDLQLQJ DQG WHVW GDWD� ,Q FRQ�
WDLQV ������ VHQWHQFH SDLUV RI WUDLQLQJ GDWD� DQG
��� VHQWHQFH SDLUV RI WHVW GDWD ZLWK � UHIHUHQFH
WUDQVODWLRQV HDFK� 7R GHFRGH ZLWK WKH OHDUQHG
PRGHO� ZH XVH RXU LQ�KRXVH ,7* GHFRGHU ZLWK D WUL�
JUDP ODQJXDJH PRGHO OHDUQHG RQ WKH (QJOLVK SDUW
RI WKH WUDLQLQJ GDWD� 7KH GHFRGHU XVHV &.<�VW\OH
SDUVLQJ �&RFNH� ����� .DVDPL� ����� <RXQJHU�
����� ZLWK FXEH SUXQLQJ WR LQWHJUDWH WKH ODQJXDJH
PRGHO �&KLDQJ� ������ 7KH ODQJXDJH PRGHO LV
WUDLQHG ZLWK 65,/0 �6WROFNH� ������ 7R HYDOXDWH
WKH RXWSXW ZH XVH %/(8 �3DSLQHQL HW DO�� �����
DQG 1,67 �'RGGLQJWRQ� ������

� 5HVXOWV

7KH UHVXOWV �7DEOH �� VKRZ WKH EDVHOLQH ,7* DQG WKH
SURSRVHG DXJPHQWHG ,7*� DV ZHOO DV WHVW VFRUHV IRU
WKH WZR LQWHUPHGLDWH VWHSV� WKH LQLWLDO DQG DX[LOLDU\
,7*V� 7KH DXJPHQWHG ,7* LV VLJQLILFDQWO\ EHWWHU
������ FRPSDUHG WR ����� %/(8� WKDQ WKH EDVHOLQH
,7*� EXW DOVR VLJQLILFDQWO\ ODUJHU �������� FRP�
SDUHG WR �������� 7KH QXPEHU RI UXOHV LV NQRZQ WR
EH VRPHZKDW FRUUHODWHG ZLWK WKH WUDQVODWLRQ TXDO�
LW\� VR LW LV KDUG WR GUDZ DQ\ FRQFOXVLRQV IURP WKHVH
GDWD� 7KH IDFW WKDW WKH DXJPHQWHG ,7* LV VLJQLIL�
FDQWO\ EHWWHU WKDQ WKH LQLWLDO ,7* ������ FRPSDUHG
WR ����� %/(8� ZLWK RQO\ D PRGHVW LQFUHDVH LQ WKH
QXPEHU RI UXOHV ������� H[WUD UXOHV� LV� KRZHYHU�
YHU\ LQWHUHVWLQJ� ,W VKRZV WKDW WKH DX[LOLDU\ ,7*
LV LQGHHG OHDUQLQJ UXOHV WKDW FRPSOHPHQW WKH LQLWLDO
,7* ZHOO� 7KLV SLFWXUH LV IXUWKHU FRUURERUDWHG E\
WKH IDFW WKDW WKH DX[LOLDU\ ,7* LV IDU EHKLQG WKH IXOO
DXJPHQWHG ,7* LQ WHUPV RI WUDQVODWLRQ TXDOLW\�

� &RQFOXVLRQ

:H KDYH SUHVHQWHG FRQGLWLRQDO PLQLPXP GHVFULS�
WLRQ OHQJWK� D WKHRUHWLFDOO\ ZHOO�IRXQGHG OHDUQ�
LQJ REMHFWLYH SDUWLFXODUO\ VXLWHG IRU VHDUFKLQJ IRU
D VXSSOHPHQWDO PRGHO WDLORUHG WR DXJPHQWLQJ D
SUHH[LVWLQJ PRGHO� ZKLFK ZH KDYH DSSOLHG WR WKH
WDVN RI LQGXFLQJ ,7*V E\ DXJPHQWLQJ D ERWWRP�
XS FKXQNHG LQYHUVLRQ WUDQVGXFWLRQ JUDPPDU ZLWK
UXOHV REWDLQHG E\ LWHUDWLYHO\ VSOLWWLQJ H[LVWLQJ UXOHV
LQWR VPDOOHU UXOHV� :H KDYH IXUWKHU VKRZQ HPSLUL�
FDOO\ WKDW WKH SURSRVHG DXJPHQWDWLRQ VWUDWHJ\ VLJ�
QLILFDQWO\ ERRVWV WKH TXDOLW\ RI DQ LQLWLDO ,7*� 7KH
PRGHO SURYLGHV DQ REYLRXV IRXQGDWLRQ IRU JHQHU�
DOL]DWLRQ WR PRUH DEVWUDFW WUDQVGXFWLRQ JUDPPDUV
ZLWK LQIRUPDWLYH QRQWHUPLQDOV�
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$FNQRZOHGJHPHQWV

7KLV PDWHULDO LV EDVHG XSRQ ZRUN VXSSRUWHG LQ
SDUW E\ WKH 'HIHQVH $GYDQFHG 5HVHDUFK 3URMHFWV
$JHQF\ �'$53$� XQGHU %2/7 FRQWUDFW QR�
+5��������&������ DQG *$/( FRQWUDFW QRV�
+5��������&����� DQG +5��������&������ E\
WKH (XURSHDQ 8QLRQ XQGHU WKH )3� JUDQW DJUHH�
PHQW QR� ������� DQG E\ WKH +RQJ .RQJ
5HVHDUFK *UDQWV &RXQFLO �5*&� UHVHDUFK JUDQWV
*5)������� *5)������� DQG *5)������� $Q\
RSLQLRQV� ILQGLQJV DQG FRQFOXVLRQV RU UHFRPPHQ�
GDWLRQV H[SUHVVHG LQ WKLV PDWHULDO DUH WKRVH RI WKH
DXWKRUV DQG GR QRW QHFHVVDULO\ UHIOHFW WKH YLHZV RI
'$53$� WKH (8� RU 5*&�

5HIHUHQFHV

3KLO %OXQVRP DQG 7UHYRU &RKQ� ,QGXFLQJ V\Q�
FKURQRXV JUDPPDUV ZLWK VOLFH VDPSOLQJ� ,Q
1$$&/ +/7 ����� SDJHV ���±���� /RV $QJH�
OHV� &DOLIRUQLD� -XQ �����

3KLO %OXQVRP� 7UHYRU &RKQ� DQG 0LOHV 2VERUQH�
%D\HVLDQ V\QFKURQRXV JUDPPDU LQGXFWLRQ� ,Q
1,36 ��� 9DQFRXYHU� &DQDGD� 'HF �����

3KLO %OXQVRP� 7UHYRU &RKQ� &KULV '\HU� DQG0LOHV
2VERUQH� $ JLEEV VDPSOHU IRU SKUDVDO V\Q�
FKURQRXV JUDPPDU LQGXFWLRQ� ,Q $&/�,-&1/3
����� SDJHV ���±���� 6XQWHF� 6LQJDSRUH� $XJ
�����

3HWHU )� %URZQ� 6WHSKHQ $� 'HOOD 3LHWUD� 9LQFHQW -�
'HOOD 3LHWUD� DQG 5REHUW /� 0HUFHU� 7KH 0DWKH�
PDWLFV RI 0DFKLQH 7UDQVODWLRQ� 3DUDPHWHU HVWL�
PDWLRQ� &RPSXWDWLRQDO /LQJXLVWLFV� ���������±
���� �����

'DYLG %XUNHWW� -RKQ %OLW]HU� DQG 'DQ .OHLQ� -RLQW
SDUVLQJ DQG DOLJQPHQW ZLWK ZHDNO\ V\QFKUR�
QL]HG JUDPPDUV� ,Q 1$$&/ +/7 ����� SDJHV
���±���� /RV $QJHOHV� &DOLIRUQLD� -XQ �����

&ROLQ &KHUU\ DQG 'HNDQJ /LQ� ,QYHUVLRQ WUDQVGXF�
WLRQ JUDPPDU IRU MRLQW SKUDVDO WUDQVODWLRQ PRG�
HOLQJ� ,Q 6667� SDJHV ��±��� 5RFKHVWHU� 1HZ
<RUN� $SU �����

'DYLG &KLDQJ� .HYLQ .QLJKW� DQG :HL :DQJ�
������ QHZ IHDWXUHV IRU VWDWLVWLFDO PDFKLQH
WUDQVODWLRQ� ,Q 1$$&/ +/7 ����� SDJHV ���±
���� %RXOGHU� &RORUDGR� -XQ �����

'DYLG &KLDQJ� $ KLHUDUFKLFDO SKUDVH�EDVHG PRGHO
IRU VWDWLVWLFDO PDFKLQH WUDQVODWLRQ� ,Q $&/�
��� SDJHV ���±���� $QQ $UERU� 0LFKLJDQ� -XQ
�����

'DYLG &KLDQJ� +LHUDUFKLFDO SKUDVH�EDVHG WUDQV�
ODWLRQ� &RPSXWDWLRQDO /LQJXLVWLFV� ���������±
���� �����

-RKQ &RFNH� 3URJUDPPLQJ ODQJXDJHV DQG WKHLU
FRPSLOHUV� 3UHOLPLQDU\ QRWHV� &RXUDQW ,QVWLWXWH
RI 0DWKHPDWLFDO 6FLHQFHV� 1HZ <RUN 8QLYHU�
VLW\� �����

$UWKXU 3HQWODQG 'HPSVWHU� 1DQ 0� /DLUG� DQG
'RQDOG %UXFH 5XELQ� 0D[LPXP OLNHOLKRRG
IURP LQFRPSOHWH GDWD YLD WKH HP DOJRULWKP�
-RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV
% �0HWKRGRORJLFDO�� �������±��� �����

*HRUJH 'RGGLQJWRQ� $XWRPDWLF HYDOXDWLRQ RI
PDFKLQH WUDQVODWLRQ TXDOLW\ XVLQJ Q�JUDP FR�
RFFXUUHQFH VWDWLVWLFV� ,Q +/7 ¶��� SDJHV ���±
���� 6DQ 'LHJR� &DOLIRUQLD� �����

&� 6� )RUG\FH� 2YHUYLHZ RI WKH ,:6/7 ���� HYDO�
XDWLRQ FDPSDLJQ� ,Q ,:6/7 ����� SDJHV �±���
�����

0LFKHO *DOOH\� -RQDWKDQ *UDHKO� .HYLQ .QLJKW�
'DQLHO 0DUFX� 6WHYH 'H1HHIH� :HL :DQJ� DQG
,JQDFLR 7KD\HU� 6FDODEOH LQIHUHQFH DQG WUDLQ�
LQJ RI FRQWH[W�ULFK V\QWDFWLF WUDQVODWLRQ PRGHOV�
,Q&2/,1*�$&/ ����� SDJHV ���±���� 6\GQH\�
$XVWUDOLD� -XO �����

$ULD +DJKLJKL� -RKQ %OLW]HU� -RKQ 'H1HUR� DQG
'DQ .OHLQ� %HWWHU ZRUG DOLJQPHQWV ZLWK VXSHU�
YLVHG LWJ PRGHOV� ,Q $&/�,-&1/3 ����� SDJHV
���±���� 6XQWHF� 6LQJDSRUH� $XJ �����

7DGDR.DVDPL� $Q HIILFLHQW UHFRJQLWLRQ DQG V\QWD[
DQDO\VLV DOJRULWKP IRU FRQWH[W�IUHH ODQJXDJHV�
7HFKQLFDO 5HSRUW $)&5/���������� $LU )RUFH
&DPEULGJH 5HVHDUFK /DERUDWRU\� �����

3KLOLSS .RHKQ� )UDQ] -RVHSK 2FK� DQG 'DQLHO
0DUFX� 6WDWLVWLFDO 3KUDVH�%DVHG 7UDQVODWLRQ� ,Q
+/7�1$$&/ ����� YROXPH �� SDJHV ��±��� (G�
PRQWRQ� &DQDGD� 0D\�-XQ �����

*UDKDP 1HXELJ� 7DUR :DWDQDEH� (LLFKLUR 6XPLWD�
6KLQVXNH 0RUL� DQG 7DWVX\D .DZDKDUD� $Q XQ�
VXSHUYLVHG PRGHO IRU MRLQW SKUDVH DOLJQPHQW DQG
H[WUDFWLRQ� ,Q $&/ +/7 ����� SDJHV ���±����
3RUWODQG� 2UHJRQ� -XQ �����

*UDKDP 1HXELJ� 7DUR :DWDQDEH� 6KLQVXNH 0RUL�
DQG 7DWVX\D .DZDKDUD� 0DFKLQH WUDQVODWLRQ
ZLWKRXW ZRUGV WKURXJK VXEVWULQJ DOLJQPHQW� ,Q
$&/ ����� SDJHV ���±���� -HMX ,VODQG� .RUHD�
-XO �����

.LVKRUH 3DSLQHQL� 6DOLP 5RXNRV� 7RGG :DUG� DQG
:HL�-LQJ =KX� %/(8� D PHWKRG IRU DXWRPDWLF
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HYDOXDWLRQ RI PDFKLQH WUDQVODWLRQ� ,Q $&/����
SDJHV ���±���� 3KLODGHOSKLD� 3HQQV\OYDQLD� -XO
�����

-DVRQ 5LHVD DQG'DQLHO0DUFX� +LHUDUFKLFDO VHDUFK
IRU ZRUG DOLJQPHQW� ,Q $&/ ����� SDJHV ���±
���� 8SSVDOD� 6ZHGHQ� -XO �����

-RUPD 5LVVDQHQ� $ XQLYHUVDO SULRU IRU LQWHJHUV DQG
HVWLPDWLRQ E\ PLQLPXP GHVFULSWLRQ OHQJWK� 7KH
$QQDOV RI 6WDWLVWLFV� ���������±���� -XQ �����

0DUNXV 6DHUV DQG 'HNDL :X� ,PSURYLQJ SKUDVH�
EDVHG WUDQVODWLRQ YLD ZRUG DOLJQPHQWV IURP
6WRFKDVWLF ,QYHUVLRQ 7UDQVGXFWLRQ *UDPPDUV�
,Q 6667��� SDJHV ��±��� %RXOGHU� &RORUDGR� -XQ
�����

0DUNXV 6DHUV DQG 'HNDL :X� 3ULQFLSOHG LQGXFWLRQ
RI SKUDVDO ELOH[LFD� ,Q ($07������ SDJHV ���±
���� /HXYHQ� %HOJLXP� 0D\ �����

0DUNXV 6DHUV� -RDNLP 1LYUH� DQG 'HNDL :X�
/HDUQLQJ VWRFKDVWLF EUDFNHWLQJ LQYHUVLRQ WUDQV�
GXFWLRQ JUDPPDUV ZLWK D FXELF WLPH ELSDUVLQJ
DOJRULWKP� ,Q ,:37¶��� SDJHV ��±��� 3DULV�
)UDQFH� 2FW �����

0DUNXV 6DHUV� -RDNLP1LYUH� DQG 'HNDL:X� :RUG
DOLJQPHQW ZLWK VWRFKDVWLF EUDFNHWLQJ OLQHDU LQ�
YHUVLRQ WUDQVGXFWLRQ JUDPPDU� ,Q 1$$&/ +/7
����� SDJHV ���±���� /RV $QJHOHV� &DOLIRUQLD�
-XQ �����

0DUNXV 6DHUV� .DUWHHN $GGDQNL� DQG 'HNDL :X�
)URP ILQLWH�VWDWH WR LQYHUVLRQ WUDQVGXFWLRQV� 7R�
ZDUG XQVXSHUYLVHG ELOLQJXDO JUDPPDU LQGXF�
WLRQ� ,Q &2/,1* ����� SDJHV ����±�����
0XPEDL� ,QGLD� 'HF �����

0DUNXV 6DHUV� .DUWHHN $GGDQNL� DQG 'HNDL :X�
,WHUDWLYH UXOH VHJPHQWDWLRQ XQGHU PLQLPXP
GHVFULSWLRQ OHQJWK IRU XQVXSHUYLVHG WUDQVGXF�
WLRQ JUDPPDU LQGXFWLRQ� ,Q $GULDQ�+RULD
'HGLX� &DUORV 0DUWtQ�9LGH� 5XVODQ 0LWNRY� DQG
%LDQFD 7UXWKH� HGLWRUV� 6WDWLVWLFDO /DQJXDJH DQG
6SHHFK 3URFHVVLQJ� )LUVW ,QWHUQDWLRQDO &RQIHU�
HQFH� 6/63 ����� /HFWXUH 1RWHV LQ $UWLILFLDO ,Q�
WHOOLJHQFH �/1$,�� 6SULQJHU� 7DUUDJRQD� 6SDLQ�
-XO �����

&ODXGH (OZRRG 6KDQQRQ� $ PDWKHPDWLFDO WKHRU\
RI FRPPXQLFDWLRQ� 7KH %HOO 6\VWHP 7HFKQLFDO
-RXUQDO� ������±���� ���±���� -XO� 2FW �����

5D\ -� 6RORPRQRII� $ QHZ PHWKRG IRU GLVFRYHULQJ
WKH JUDPPDUV RI SKUDVH VWUXFWXUH ODQJXDJHV� ,Q
,),3� SDJHV ���±���� �����

$QGUHDV 6WROFNH� 65,/0 ± DQ H[WHQVLEOH ODQ�
JXDJH PRGHOLQJ WRRONLW� ,Q ,&6/3���� � ,1�
7(563((&+ ����� SDJHV ���±���� 'HQYHU�
&RORUDGR� 6HS �����

6WHSKDQ 9RJHO� +HUPDQQ 1H\� DQG &KULVWRSK 7LOO�
PDQQ� +00�EDVHG :RUG $OLJQPHQW LQ 6WD�
WLVWLFDO 7UDQVODWLRQ� ,Q &2/,1*���� YROXPH ��
SDJHV ���±���� �����

'HNDL :X� 6WRFKDVWLF ,QYHUVLRQ 7UDQVGXF�
WLRQ *UDPPDUV DQG %LOLQJXDO 3DUVLQJ RI 3DU�
DOOHO &RUSRUD� &RPSXWDWLRQDO /LQJXLVWLFV�
���������±���� �����

'DQLHO +� <RXQJHU� 5HFRJQLWLRQ DQG SDUVLQJ RI
FRQWH[W�IUHH ODQJXDJHV LQ WLPH n3� ,QIRUPDWLRQ
DQG &RQWURO� ���������±���� �����

+DR =KDQJ� &KULV 4XLUN� 5REHUW &� 0RRUH� DQG
'DQLHO *LOGHD� %D\HVLDQ OHDUQLQJ RI QRQ�
FRPSRVLWLRQDO SKUDVHV ZLWK V\QFKURQRXV SDUV�
LQJ� ,Q $&/���� +/7� SDJHV ��±���� &ROXP�
EXV� 2KLR� -XQ �����
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